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1. INTRODUCTION

This paper is concerned with the relationship between egtyl(acceptance by an automaton) and defin-
ability in first-order logic and first-order logic with coungy quantifiers. Over strings this relationship is
well-understood. A fundamental result in formal languaggotry [Blichi 1960] states that a language of
strings is regular — that is, equal to the language of strangepted by a finite string automaton — exactly
when it is definable in monadic second-order logic (MSO) akiervocabulary consisting of the successor
relation on strings and the labels. By restricting to finsley logic (FO) rather than MSO, we can obtain
two proper subcollections of the family of regular languagd@he languages that are definable in first-
order logic over the transitive closure of the successatiogl and the label predicates, which we denote
FO(<), are exactly the star-free or, equivalently, the apeddainguages [McNaughton and Papert 1971,
Schitzenberger 1965]. The languages that are definablesirofier logic over the successor relation
and the label predicates, which we denote by FO, correspolutally threshold testable languages (see
[Thomas 1997]). Using a fundamental result of Thérien ariis®/[Thérien and Weiss 1985], Beauquier
and Pin [Beauquier and Pin 1989] gave an algebraic chaizatien of the FO languages. They are exactly
the languages for which the corresponding monoid satiségsia identities. Put another way, they show
that the monoids corresponding to FO-definable languagesdgpseudo-variety within the collection of
all finite monoids. Both the characterization of KQ{definability via aperiodicity and the characterization
of FO-definability of Beauquier and Pin lead to effectiveaalthms for checking whether a regular lan-
guage is FOf) (resp. FO) definable. Straubing [Straubing 1994] provatesnalogous characterization
for the logic FQ,,,q that extends first-order logic with quantifiers that countduo a given integer. A
complete overview of the string case can be found in [Thon8&31lor in [Straubing 1994].

We now consider the situation over ranked trees — labeled tndth a fixed bound on branching. Reg-
ularity is now defined as acceptance by a (non-determirtiggiedown or deterministic bottom-up) tree
automaton, and regularity is shown to be equivalent to deilibain monadic second-order logic in the
vocabulary of labeled graphs [Doner 1970; Thatcher and h¥i§68]. In this context we use FQJ to
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2 . Benedikt and Segoufin

denote first-order logic over the labels and the transitivsure of the graph relation (that is, the descendant
relation on trees). We use FO to denote first-order logic theegraph relation and the labels, and,

to denote first-order logic with counting quantifiers (madah integer) over the graph relation and labels.
The notions of aperiodicity and star-freeness have naéxtainsions to the tree context, but here ED(

is strictly weaker than aperiodicity and star-freenesdtffedf and Thomas 1993; Heuter 1991; Potthoff
1995]. Finding a decidable characterization of EQithin the regular tree languages is a longstanding
open problem; partial results (see below) are giverEisif and Weil 2003; Bojafhczyk and Walukiewicz
2006]. As in the string case, FO definability is known to béttr weaker than FO¢) definability, but
surprisingly an effective characterization of FO-defitigbivas also lacking. [Wilke 1996] gives an al-
gebraic characterization and decision procedure for thetiegr testable languages, a subclass of the FO
definable languages. [Bojahczyk and Walukiewicz 2006¥jates a decision procedure for two fragments
of FO(<) defined using existential path quantification; none ofétfemgments exactly matches the expres-
siveness of FO Hsik and Weil 2003] gives a characterization of the EPdefinable languages in terms of
an algebraic structure (the “syntactic pre-clone”) assteci with the language; this characterization is not
known to be effective. To our knowledge, the decidabilitydefinability in each of these logics was also
unresolved over trees.

In this work we give an effective characterization of defifigbin FO over trees, ranked or unranked.
Over ranked trees FO still corresponds to the Local Threshestable (LTT) languages, but this charac-
terization does not yield a decision procedure. Our maialtésan effective characterization of FO within
the regular tree languages that uses a set of equivaleratgsrédserve membership within the language.
Unlike the string case, these equivalences include prétionsirequiring portions of the tree to be similar
“locally”. They are thus a midpoint between a definition gglacally threshold testability (which charac-
terizes FO over ranked trees, but which is not effective) apdrely algebraic approach. We extend our
characterizations to give characterizations of FO-defen@mguages over unranked tress as well.

As an application of the characterization theorems, we sthatvover strings, our results yield a new
proof of the algebraic characterization of LTT and of theidability of membership in LTT over strings
presented in [Beauquier and Pin 1989; Straubing 1994]. Theiot proofs of the characterization of FO
in the string case use either fundamental (and difficult)lte$n the theory of monoids [Beauquier and Pin
1989] or difficult results within the theory of finite categes [Straubing 1994]. Nevertheless several of the
technical lemmas remain identical in inspiration if not mtation to the earlier proofs.

We then show that our characterization theorem yields thatoan decide whether a regular language
of trees is definable in FO, both over ranked and unranked.tr#ée show in fact that membership in
these classes can be decided in polynomial time in the siae@himal automaton accepting the regular
language. Finally, we show that in the ranked tree case ohntques and results also yields a decision pro-
cedure for membership of a regular language in5% We also state characterizations for,Q, both for
the ranked case and the unranked case, in the same spinisgsabtained for FO. Those characterizations
yields a PTME algorithm for testing membership in FEQg.

Organization: Section 2 gives the basic notation for this article. SecBaitates and proves the charac-
terization theorem for FO in the case of ranked trees. Sedtixtends to prove the characterization in the
unranked case. Section 5 shows how the results for stritigg/ftrom the tree case and gives the decision
procedures that follow from the characterization theor&mction 6 provides extensions of the results to
first-order logic supplemented with counting quantifiersct®n 7 gives conclusions and open issues.

This paper is a journal version of our STACS’05 paper [Bekiedind Segoufin 2005]. It contains the
full proofs of the decidability results claimed in [Beneti#dnd Segoufin 2005]. The exact characterization
claimed in [Benedikt and Segoufin 2005], however, was irexirr

2. NOTATION

Trees. We fix a finite alphabekl, and consider trees with labels i1 In this paper we will deal with
two settings. In theankedsetting, we fix some integer and conside®-labeled trees of rank; that
is, each node has at mastchildren. In this case, the children of any given node @dered that is,
we can distinguish the first child, second child, and so foiththe unrankedsetting there is no bound
on the number of children and we will always take the childi@ibe unordered Finding a decidable
characterization in the unranked ordered case remainsemaqestion.
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Regular tree languages definable in FO and in FO,,04 . 3

In both cases, we use standard notation for trees. Byéseendanfresp. ancestor) relation we mean
the reflexive transitive closure of the child (resp. inves§ehild) relation. We us€ (X, r) for the set of
trees of rank at most with labels coming from alphabéi, and7 (3, w) for the set of unordered trees of
any finite rank with labels fromt. When the setting is clear, or when we assert something titds Im all
settings, we just writd".

For treest, t’, we say that’ is asubtreeof ¢ if the nodes oft’ are a subset of those 6fand the edge
relation and labeling function af are obtained from those oty restricting to the nodes of. Thus if¢’
is a subtree of, ¢’ need not contain the root of and leaves of need not be leaves of We say that’ is
aprefixof ¢ if ¢ is a subtree of that contains the root df

Given a treg and a nodex of ¢ the subtree of rooted atx, consisting of all the nodes efwhich are
descendants af, is denoted by|,. Lett be a tree and be a node of, thek-spill of x is the restriction
of t|,. to the set of nodes dfat distance at most from x. Given a tree and a setS of nodes oft, the
minimum subtree of containing$ is the unique subtree whose roois the least common ancestor of all
nodes ofS and which contains all nodes §fand their ancestors up to

Given two nodes: andz’ occurring respectively in the treég’ we say thatr is depthk similar toz’ if
the k-spill of z in ¢ is isomorphic to thé-spill of 2’ in ¢’. Similarly two trees andt’ are depthk similar
if their roots are deptlt-similar. When we are in the ranked case, isomorphism musepre the order of
children, but in the unranked case it need not.

A contextis an (ordered or unordered) tree with a designated (urddip&daf called itport which acts
as a hole. Given contex andC’, their concatenatio@ - C’ is the context formed by identifying the root
of C’ with the port ofC. Concatenation of a conte&t and a tree is defined similarly. Given a treeand
two nodesr, y of ¢ such thaty is a descendant (not necessarily strictipthe contextC[z, y) is defined
fromt, = t|, by replacing|, by a port.

Tree automataRegular tree languages will be represented by finite statereata. Over-ranked trees,
a (deterministic bottom-up) tree automatdrs defined in the usual way; it has a finite set of stdpes
setF C @ of accepting states, and a transition functiassociating a unique state to any paif@i x %)
fori <r.

A tree automatom over unordered unranked trees consists of a finite set afsfata setF’ C @ of
accepting states, an integerand a transition functioi associating a unique state to any pai(i¥, x )
wherel',, = {= i |i < m} U {> m}. The transition function associates a unigue state to aimyirpa
(Usen Q) x . The numbern is called thetolerance of A.

As usual a rum of A on a tree is a function from the set of nodes bfo Q. The notion of a valid run
for ranked trees is standard. In the case of an unrankeduteaaton, a rumr is valid if for any nodex
of labela € %, such that there is a functigh € T'% such that(f,a) = 7(x) and, for every; € Q, the
number of childrery of x such that-(y) = ¢, is consistent withf(¢). Each treg has a unique valid run.
A treet is accepted bw if the valid runt of A ont is such that the image underof the root oft is in F.
Languages accepted by such automata are cadtpdar languagesit is folklore that this corresponds to
the usual definition over ranked and unranked trees (se¢Tdisonas 1997]).

An automatonA with set of state€) and a contex€ induce a function fron@) to @, sending a state
to the state reached by at the root ofC' assuming state at its port.

Logics. Monadic Second Order Logic (MSO) and First Order Logic (F@) @efined over trees in the
standard way. In the case pfranked trees, they will be defined over the signature coimgione unary
predicateP, per lettera € ¥ and the tree successor relatidns. . . E,., whereE;(z, y) holds ify is theit"
child of . In the case of unranked trees, they are defined over thetsigrantaining one unary predicate
P, per lettera € ¥, and the tree successor relation. A tree language is saiereghlar if it is definable
in MSO or, equivalently, recognized by a tree automaton.

For any formulap € FO, its quantifier rank qif) is defined as the nesting depth of the quantifierg of
as usual. The elementary equivalence up to depghdenoted by=": for any two treeg,t’ € 7 we say
thatt =" ¢’ if t andt’ satisfy exactly the same FO sentences of quantifier rankHass..

The logic FQ,,q extends FO by allowing formulae to be built up by the rilg)) = 3% ¢(z, ¥),
wherer, g are integers withr < ¢. This holds in a structur&z, §) iff the number ofz such that(G, 7, x)
holds is equal to- modulog. If P is a finite set of integers we let EQ,p) be the extension of FO with
the constructors above, where we restgith be inP.
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3. RANKED TREES
3.1 Statement of the main result
In this section we fix € N and we assume that all trees arei(x, r).

3.1.0.1 Swaps.Lett be a tree, and, 2’ be two nodes of such thatr andz’ are not related by the
descendant relationship. Therizontal swapof ¢ at nodesr andz’ is the treet’ constructed front by
replacingt|,. with ¢|,» and vice-versa.

Let ¢t be a tree of root,, andx,y,z’,y’ be four nodes of such thaty is a descendant of, z’ is a
descendant of andy’ is a descendant of’. The vertical swapof ¢ between[z,y) and[2/,y’) is the
treet’ constructed from as depicted in Figure 1. More formally 16 = Cila,z), A1y = Cilz,y),
Ay = Ci[z,y'), A = Cily,2'), T =t|,. Thennoticethat = C' - A; - A- Ay - T. The treet’ is defined

ast' =C-Ay-A-Ay-T.

(0>

Ay,
/.

Fig. 1. lllustration of the vertical swap

3.1.0.2 Guarded swapsLetk € N, ¢ € 7 andz, y, ', 3’ be nodes of such thaty is a descendant of
z, ¢’ is a descendant gf andy’ is a descendant af . A horizontal swap at nodes y, =, v’ as above is
said to bek-guardedif = andz’ are depthk similar. A vertical swap betweeln, y) and[z’, y') is said to
be k-guardedif z andz’ are depthk similar andy andy’ are depthk similar.

Let L be a tree language aicbe a number. We say thétis closed undek-guarded swap# for every
treet € L and every tree’ constructed front by either a horizontal or a verticatguarded swap theti
is in L. Note that being closed undéfrguarded swaps implies being closed unileguarded swaps for
E > k.

A regular tree languagg is said to be aperiodic if there existg N such that for all context§’, A and
every treel’, CA!T ¢ Liff CA'T € L. The least suchis referred to as thaperiodicity numbeof L.
This is just the classical notion of aperiodicity in the ma@hof contexts.

THEOREM 1. LetL be aregular tree language.
ThenL is definable in FO iffLL is aperiodic and there exists/asuch thatl is closed undek-guarded
swaps.

The “only if” direction of Theorem 1 is easy.  is definable in FO , theh is aperiodic [Thomas 1997].
Itis also known that for any FO senteng¢here is a numbek such that the truth af is determined by the
number ofk-neighborhoods of each isomorphism type. The least gusheferred to as thicality rank
of ¢ [Libkin 2004]. A k-neighborhood in a grapf is the set of nodes that are within distaricef some
pointinG. Sincek-guarded swaps preserve the numbet-okighborhoods of every isomorphism type, it
follows that if L is definable by an FO sentenggthenL is closed undek-guarded swaps, whefeis the
locality rank of¢.

The opposite direction follows from the following theorenwhose proof will be quite involved:
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Regular tree languages definable in FO and in FO,,04 . 5

THEOREM 2. For any regular tree languagé which is aperiodic and closed undgfguarded swaps,
there exists & such that for any,t € 7 we have: s=Kt = sc L iff tc L.

Before proving Theorem 2 we show how Theorem 1 follows franf-iom Theorem 2 we know that if
L is aperiodic and closed underguarded swaps thehis a union of equivalence classes=e¥ for some
K. Standard arguments from finite model theory (see e.g. [hiBRO04]) show that=" has only finitely
many equivalence classes and that each of them is definabl@.iThereforel is definable in FO as a
disjunction of such formulas for the corresponding classes

3.2 Proof of Theorem 2

In this section we fix an aperiodic regular tree languégwith aperiodicity numbet, a numberk and
assume thatk is closed undek-guarded swaps. We also fix a deterministic bottom-up tréenaatonA
for L.

Because the trees are ranked, there are only finitely mampoigzhism types of trees of depth at mést
(by the depth of a tree, we mean the maximal length of any psR)denote the set of such isomorphism
types by7;,. Given a tree and a node: of ¢, we writeT}(x) for the isomorphism type of thie-spill of z: in
t, and denote it as thietype ofz (type ofx whenk is understood from the context). A crucial observation
for the rest of the paper is that tfie + 1)-type of a node determines thketypes of its children.

For eachr € 7, and any tre¢ we denote byt|, the number of occurrences of the typén ¢. Given
two treess, t we writes =% tifforall 7 € 7y, |s|, = [t|- or |s|, |t|- > d (s andt have the same number
of occurrences of type up to threshold). We writes <* ¢ if for all T € 7y, |s|, < |t|,, and we write
s <k tif s =k tands <* t¢.Ifforall 7 € Ty, |s|, = |t|- then we writes =F_ .

Another fact that will be used repeatedly is that if we applrguarded swap move to a treethere is
an obvious bijection from the nodes ofo the resulting tre¢ that preservesk + 1)-types; in particular,
we havet =FF1 ¢/,

This first lemma shows that if we have the hypothesis of Thed2ethen we can assume thaandi
have the same number of types up to some threshold.

LEMMA 1. For each numbelf, there is a numbel; such that =X¢ ¢ implies thats = k“ t and that
s,t are depthtk + 1) similar.

PROOF Choosek; big enough so that we can count the number of satisfiers of/anyl)-type up to
threshold] using K; quantifiers. [

The following lemma refines the previous one by showing tlwatomly can we assume thatandt¢ have
the same number of types up to some threshold, but that thibeuis always bigger inthan ins.

LEMMA 2. For each numbef there exists a numbersuch thatifs ="** ¢ then there existg such
thats <% ', moreovet,t' are depthtk 4 1) similar, andt’ € Liiff ¢ € L.

PROOF Assumes —’”1 t for some large enoughi whose value will become apparent during the
proof. Letj3 be the number ofk + 1)-typest such thatt|, < |s|.. We prove the lemma by induction
on . If 8 = 0 this is clear. Otherwise let be a(k + 1)-type that occurs more times inthan int. By
hypothesis- occurs at least times int.

Given two nodes;, y in a treet with y a strict descendant af we writer[x, y) for the number of nodes
in the contexiCy[z, y) that have type-. A 7-skeleton of length is a sequence; : 0 < i < n such that
x;41 IS a strict descendant af, andr[z;, z,11) > 1 foreachd <i <mn — 1.

We first show that for every; there isd such that for every tree, if |u|, > d then there is a-skeleton
of lengthd, in u. By theinterior of a pointed tree, we mean all the nodes in it other than the @broose
d > (r + 1)%. Starting withz, being the root of:, we will chooser; inductively such that the interior
of C,[z;_1,x;) has at least one node whose type:iis 7 andz; has at leastr + 1)%~* nodes of type-
below it. Suppose that we hawg ... x;. Let z; be a descendant af of typer having minimal depth. If
there are no nodes of typein the interior ofC,, [x;, 21 ), then we know that there are at leést 1)41—*
nodes of typer below z;, includingz;. Hence there is some child ef having at leastr + 1)@~ (+1)
nodes of typer below it. Setx;,; to be such a child. If there is some node of typ@ the interior of
Cylzi, 21), then there is some node strictly between:; andz; which has more than one child having a
node of typer below it. Takingz, to be the highest such node, it is clear that one of the childfe, must
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have at leastr 4 1) ~(+1) nodes of type- below it; chooser;, ; to be this node. We can verify in either
case that this preserves the induction hypothesis.

We apply this to the treg for d, to be chosen later on, gettingraskeletonz; : 0 < i < d;. Letg be
one more than the product of the numbe(bf 1)-types and the number of states in the automaton. The
nodes in the interior of the context betwegnandz;,, for i < d; — ¢ with ¢ = 0 mod ¢ form asection
of t. We say that 4k + 1)-typev is safeif |t|, > d'. A section issafeif it contains only nodes having
safe(k + 1)-types. Because the number of sections is at leasty) — 1, we can choosé; big enough
so that at least one of them is safe. Given this choiag pfix z; such that all nodes in the interior of the
context between; andz;, are safe. By the choice qf there arer andb with i < a < b < i + g such
that the run of automatod on ¢ reaches the same statexgtas atz;, with x, andz;, having the same
(k + 1)-type. Hence we can replace the cont€xfx,,, ;) with arbitrarily many copies of itself, without
changing membership ih. Lett* be any tree resulting from such a replacement. Sincandzx;, have
the same type, performing this replacement does not chaedé t- 1)-types of any node of’; [z, x),
and the type of any node ifi;[z,, z;) within ¢ is the same as the type of each of its copies‘irThus we
have only added copies of safe types. Therefore for any susle havet* z’j,“ t :Z’Tl s. Now since
Ct|z4, x) contained an occurrence of by adding sufficiently many copies of the context in formmg
t*, we have reduced by one int*, and we can conclude by inductiorni]

A treet is k-pseudo-includeth a treet’ if there is an injective mapping from nodes of to nodes of
t’, sending the root of to the root oft’, and such that: (i preserves types if;,, and (i) if z is theit"
child of y in ¢ thenh(z) is a descendant of thé" child of 2(y) in ¢’. In this case thé-pseudo-treés the
minimum prefix oft’ which containg:(¢).

The next step shows that we can also assumestisapseudo-included in It requires only the closure
of L underk-guarded swaps.

LEMMA 3. If s <F+1 tands,t are depthtk + 1) similar then there existg such thats is (k + 1)-
pseudo-included irf, ¢’ =k+! ¢, ¢ ' are depthtk + 1) similar, andt’ € Liff ¢ € L.

PrROOF The proof is by induction. We construty- - - t,, andsy ... s, such that:ty is ¢t and, for all
0 <i < n, t;y; is obtained fromt; using onlyk-guarded swaps; is a prefix ofs maximal with respect
to the property that; is (k + 1)-pseudo-included in;, and ifs; # s then there exists a node of s that
is a child of a leaf ofs;, such thate; € s;11. Sinces; cannot keep growing forever, we must eventually
haves,, = s. This implies the lemma by taking = ¢,,, using the fact that-guarded swaps preserves the
number of(k + 1)-types and the assumption thiats closed undek-guarded swaps.

By hypothesis the root of and the root of have the samg: + 1)-type. Thus we can initiate our process
by mapping the root of to the root oft.

Assume now that we have constructgdind s; saying the inductive invariant. Thesn; is a maximal
prefix of s which is (k + 1)-pseudo-included im; by a mapping: such thati(a) = o’. If s; = s we are
done. Otherwise let be a node of; such that itg*” child y is not ins;. Lets’ be a minimal prefix of
s which containss; andy. We show how to transformt into ¢;; so thats’ is (k + 1)-pseudo-included
in ¢;+1. This would suffice for the induction, since we can then edt€rto a maximal pseudo-included
prefix.

Letr = T; ,(z), v = T ,(y) andz’ = h(x). By hypothesis we know that there is a nogein
t; outside ofh(s;) such thatl}/’ | (y') = v. Letz’ be thep®" child of /. Note that:’ cannot be in the
h-pseudo-tree.

We distinguish several possibilities depending on thetiv@aosition ofz’ andy’. By maximality ofs;
we know thaty’ is not below:’.

Assume first that/’ is outside theh-pseudo-tree. Then it is either belawor not related tar’ by the
descendant relationship. It is crucial here thét) = o/, as it rules out the case wheyeoccurs above
h(a). Becauser andz’ agree on theifk + 1)-types,z’ andy’ are depthk similar. We can apply the
k-guarded horizontal swap to these two nodes. This yielddléiseéed tree;  ;, as we can now extend
by settingh(y) = y’. We can verify that this yields g + 1)-pseudo-inclusion mapping, since the new
(k + 1)-type ofy’ remainsv.

Assume now thay’ is inside theh-pseudo-tree. Let; be the deepest node in such thatt| = h(x;)
is an ancestor of’, andz, be the highest node ify so thaty’ is an ancestor of, = h(x2). Note that the
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definition of pseudo-inclusion implies that is uniquely defined, and is a child of . Assume that, is
the j* child of z; in s and letz] be the;j*" child of «} in /. Note thatz} cannot be in the image df;
if it were, by the definition ofz; and the fact that pseudo-inclusion preserves the descerelation, we
would havez; = 4/, which would contradict the fact that is assumed not to be in the image. There are
two cases to consider.

The first case is wher( is a descendant of, (see Figure 2). Becausepreservesk + 1)-types,z; and
x4, are depthk similar and the same holds fgf andz’. We can thus apply the-guarded vertical swap
betweenz{,y’) and[z}, ') and obtain the desired treég ;. We can then extentd by settingh(y) = v’
It remains to verify that this indeed giveg/a+ 1)-pseudo-inclusion mapping. This is straightforward and
left to the reader.

Fig. 2. This illustrates the case whehis a descendant af,. s; ands are depicted on the left; is depicted in the middle. After
applying thek-guarded vertical swap betweét] , y') and[z}, z’), we reacht; ., depicted to the right. The node$ andx/, have
the samek-types and the nodeg andz’ have the samé-types.

If 2/ is not a descendant of, we proceed as follows. As above, we know thaandz’ are depthk
similar. If 2’ is a descendant gf, then it would have to be a descendantpfs well, since all pseudo-tree
elements beneatl lie beneathr,. Hence we know:’ cannot be a descendantgf and soz’ is not a
descendant of’ either. We can therefore apply tiheguarded horizontal swap g andz’, obtaining an
intermediate tre€,. Int;, we have that, andz} are depthk similar and we can apply again tkeguarded
horizontal swap to obtain the desired trige;. The mapping: is extended by sendingto ¢/, and it is
immediate to see that this preseryést 1)-types. O

An immediate corollary of Lemma 3 is:

COROLLARY 1. If s andt are trees that are depttk + 1) similar such thats =k+! ¢ thens € L iff
telL.

ProOF Apply Lemma 3 tos and¢ and notice that the treéobtained is isomorphic tevia the(k 4 1)-
pseudo-inclusion mappirfg as the hypothesis implies thiatcannot contain any extra nodes.]

Let us look at where we are in the proof of Theorem 2. Given tiitgal treess and¢ satisfying the
hypotheses of the theorem, we know that we can transfamo ¢” so thats is pseudo-included it’ by
some mappindg. Thust” is a copy ofs plus extra contexts inserted between elements(ef. We also
know, by the corollary above, that if we could get the types”ofo match those of exactly, we would
be done. Our next goal will be to add these contextsame by one. We will use the crucial observation
that all (¢ + 1)-types occurring outside df(s) have strictly more occurrencesifi than ins, and hence
must have many occurrencessinTo make the last step formal we will need further notatiod ane extra
lemma.

Let C be a context where the port is not the same as the root, andketa function assigning /atype
to the port ofC' and a(k + 1)-type to each other node @f. ) is said to beconsistenif there exists a
treet such that for every non-port nodein C, the (k 4 1)-type odz in C - t matches\(z). A k-abstract
contextis a contextC' whose root is not equal to its port, supplemented with a stersi assignment of
(k + 1)-types to non-ports ankktypes to a port, as above. Whene¥gs clear from the context we will
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refer toabstract contextWe extend the basic definitions on trees to abstract caniexhe obvious way:

if U = (C, \) is ank-abstract context, we will refer to any nodedhas a node of/, and similarly refer

to the root ofU, child relation onU, etc. Given a non-port nodeof U (i.e. a non-port node of), we

will refer to A(x) as the(k + 1)-type ofz, while we refer to thé:-type of the port node of U to mean
A(p). Given twok-abstract contexts’ andV we say thatU is compatiblewith V' if the (k + 1)-type of

the root ofVV, when seen as lxtype, is thek-type of the port of/. Note that the compatibility relation is
not symmetric. IfU andV are compatible abstract contexts thién V', the concatenation df andV, is

also an abstract context with the obvious consistent agggh We can also can concatenate an abstract
context with a tree. An abstract contéXtand a treg¢ are compatible if thé-type of the root of is the
k-type of the port of. In this case, the concatenatidn ¢ will be a tree.

A k-abstract context/ is ak-abstract loop(or justabstract loopif % is clear) ifU is compatible with
itself. Thus ifU is an abstract loop, thei”, the concatenation of copies ofU, is also an abstract context
foranyn € N.

Loops will play a significant role in reducingo s. Observe that if. witnesses that is (k + 1)-pseudo-
included int andy is thep" child of x in s, thenCy |z, h(y)) wherez is thep'” child of h(z), together
with the obvious assignment, is an abstract loofa in

Given a tree and an abstract contekt, we say that/ is (k + 1)-included in ¢ if there is a function
from C to ¢ preserving theé*” child relation for everyi < r which also preserveg + 1)-types. We say
thatU <y t if the number of occurrences of eagh+ 1)-type inU is strictly less that the number of
occurrences of the sanfe + 1)-type int.

We are now ready to state and prove our last technical lemtrga.very similar in spirit to Lemma 3
and its proof follows exactly the same ideas. However iteddfin Lemma 3 in two crucial respects.
The hypothesis on the number of types is stronger, as wereegiictly more types i than inU. The
conclusion is somewhat stronger, as we replaced pseutlssiog by inclusion.

LEMMA 4. Lett be atreek a number, and/ an abstract context.
If U <j41 t then there exists such thatU is (k + 1)-included int’, ¢’ =K+! ¢ andt’ € Liff t € L.

PrROOF The proof is similar to that of Lemma 3. It is done by indunti&nd requires a lengthy case
analysis.

An abstract context/ is weakly (k + 1)-pseudo-includech a treet’ iff there is an injective mapping
h from nodes ofU to nodes oft’ that satisfies the requirements for pseudo-inclusion, pixce the re-
quirement that the root df is mapped to the root af. We will likewise talk about weakk + 1)-pseudo-
inclusion mappings and wedk + 1)-pseudo-trees. The first step is to transfetinto ¢’ so that there is a
weak(k + 1)-pseudo-inclusion o/ into ¢”. Note that we cannot directly apply Lemma 3 as the hypothesis
on the root types was crucial. In the proof of Lemma 3 this vediected in the fact that i§’ is not in the
h-pseudo-tree then it cannot be above the image uldéthe root ofs. Without this the proof would not
go through. However with our stronger hypothesis on the remobtypes, this case can now be handled.

CLAIM 1. If U <41 t then there exists a tre such thatly is weakly(k + 1)-pseudo-included into
", ¢" =k+l t and,t” € Lifft € L.

PROOF The proof is done exactly as in the proof of Lemma 3 with théofang differences. In the
base case, the image of the roolbfs now an arbitrary node af= ¢; whose type matches the type of the
root of U; an inclusion mapping does not demand preservation of thie Ruring the induction we have
constructed; and a prefixJ; of U which is weakly(k + 1)-pseudo-included ip;. Leta be the root ofU.
Recall the proof of Lemma 3. We have two nodeg € s such thaty is a child ofz and is of typer. We
also have three nodes nodésy’, 2’ € t;, such thatt’ = h(z), 2’ is a child ofz’, andy’ is a node outside
of h(U;) of typer. We are trying to modify; in order to put a node of type belowz’. This is done by a
case analysis depending on the relative position’of’ andz’. All cases are handled as in Lemma 3 but
we now need to consider one extra case which was not possiblEmma 3.

Assumey’ is an ancestor di(a). By hypothesis we know that there ig/4 + ¢’ outside ofh(U;) whose
type is alsav. If we re-do the case analysis witfi playing the role ofy’ we are left again with the case
where bothy’ andy” are ancestors df(a). Assume without loss of generality thgt is a strict descendant
of y’. Notice thatz’, 3/, andy” are depthk similar. We can apply thé-guarded vertical swap 1@’, v")
and[y”, 2’). This yields the desired treg,; asy’ is now thep'” child of 2’. Notice that the presence of
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y'" was crucial for this step.

Using Claim 1 we can assume without loss of generality that weakly (k + 1)-pseudo-included in.
Let A be the set of verticeg of U such that the parent gf, denoted by, is in U, and such thak(x)
andh(y) are not in a parent/child relation. Note that the nodedido not necessarily form a subtree.
Letn = |A| andm = E,cad(y), whered(y) denotes the depth il of . If n = 0 we already have a

(k + 1)-inclusion mapping and we are done. If not we show that it ssgigle to modifyh and re-arrange
via swaps and obtain a new wegk-+ 1)-pseudo-inclusion fot/ mapping with(n’, m’) < (n,m), where
< denotes the lexicographic ordering on pairs. By repealiigargument we eventually gekanclusion
mapping ofU into some tree’.

Assume thah # 0 and taker andy such thaty € A is thep*” child of =, and considex’ = h(z) and
y' = h(y). Lett be the(k + 1)-type ofz andv be the(k + 1)-type ofy. By assumption we know that there
is another nodg” outside of the imagé(U), such that the type af” is v. Let 2’ be thep?" child of 2.
Assume first that’ = y”. Then the type ot’ is v and we aim at modifying by settingh(y) to z’ while
reducingn by 1. When settindi(y) to 2/, h may no longer be a pseudo-inclusion mapping, as the image
by h of all the children ofy are descendants ¢f, and hence descendants of the same child gj. Letp’
be such thay’ is a descendant of thé'" child of 2. Consider the?” child of y with i # p’. As thei®?
child of 2’ must have the sametype as th&*” child of 4/, and as those two nodes are not related by the
descendant relation, we can apply thguarded horizontal swap at the corresponding nodesygacy; )
at the desired position. Once we have done this foi &lp’ we eventually obtain &-pseudo-inclusion
mapping, as the'*" child was already well placed.

Assume now thay’,y”, andz’ are all distinct nodes. Notice however thdt ' andy” are depthk
similar. We perform a case analysis depending on the relstip between’, v/, andy”.

In the first case, we assume thyétis an ancestor of . We apply the:-guarded vertical swap g, z’)
and[z’,y’), obtaining a tree,. This case is depicted in Figure 3. Notice thats still weakly k-pseudo-
included int; and thaty’ is now thep®” child of z’. Hencen has decreased by one.

Fig. 3. lllustration of the first cases is depicted on the left, witll/ the solid triangle within it.¢ is in the middle, with the weak
pseudo-image o/ depicted as a solid triangle within it. The tregresulting from the swap is shown on the right. Notice tifat
becomes a child of’ and that no other nodes of the weak pseudo-inclusion aretedfe

In the second case, we assume tiiatis a descendant of. We apply thek-guarded vertical swap
to [2/,y') and[y’,y"), with h being modified so that if before it maps some nad&® a nodew’ that is
swapped, it will now mapv to the image ofw’ under the swap. Via this modificatidh remains weakly
k-pseudo-included in the new tree, and in this tree ngde now thept® child of h(z), thus decreasing
by one.

In the third case, we assume that is not related to:’ andy’. We first applyk-guarded horizontal
swapping tay” andz’ and again betweegl’ (i.e. the image of/”” under the previous swap: for brevity we
omit this distinction henceforth) angd. We then modifyh by composing with the swap mappings, giving
a weakk-pseudo-inclusion in the obvious way. Again we have corewetr) andy’ and decreased by
one.
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In the fourth case, we assume thyédtis betweer:’ andy’. But then we can chandeso thath(y) = 3"
and still get a weak-pseudo-inclusion o/ into ¢’ via the newh. We then proceed as in the second case.

The last case is wheyt’ is a descendant af but is not related tg’. If v = 7 then letz” be thep'” child
of ¢/ and notice that’, y' andz" are depthk similar. We apply thé:-guarded vertical swap fa’, y’) and
[y, 2"") and the reader can verify that we are donev ¥ 7 then by assumption we know that there is a
nodez” outside ofh(U) such that the:-type of z” if 7. Let 2" be thep?” child of 2. Notice thatz”, 2/,
y' are depthk similar. Again we have to consider several subcases.

In the first subcasg” is not related ta’. We apply thek-guarded horizontal swap & andz’ followed
by ak-guarded horizontal swap applied46 andy’. The reader can verify that this yields a tteavith the
desired properties;’ is now thep'” child of 2’ and the weak-pseudo-inclusion mapping is only affected
there, thus decreasingby one.

In the second subcas€ is a descendant af . Then we apply thé-guarded vertical swap to’, y’)
and[y’, z”) and obtain a tree whereis decreased by one.

The third subcase is whetf is an ancestor of’. Then we apply thé-guarded vertical swap fa”, ')
and[z’,y’). The reader can verify thatis decreased by one.

The fourth subcase is wheff is below:’ but not related tg’. We apply thek-guarded horizontal swap
to z” andy/’, attachingy’ to z”’. We now modifyh by mappinge to z”’ instead ofr’. It is easy to verify that
h is still a weakk-pseudo-inclusion mapping féf. It is also easy to check that, with this new mapping,
does not increasey is no longer inA butz is now in A, with no other nodes moving intd. We remark
now that with this new mapping: has decreased by one.

The last subcase is whefi is between:’ andy’. Thenz’, z”” andy” are related as in the subcase above
and we proceed replacing with y"”.

We are now ready to complete the proof of Theorem 2.

Proof of Theorem 2:

Let @ be the set of states of, « = |Q| be the number of states af. Let 5, = |7;|. Recall that is
the aperiodicity number of, and thus for every’, A, andT’ we haveCA!T € L iff CAIT ¢ L. Let
d' = P+ L1 | etd be the number required in Lemma 2 f8r Let K be the numbeK ; required
in Lemma 1 ford. We show that =% ¢ impliess € Liff t € L.

Assumes =X ¢, we show that € L iff t € L. From Lemma 1 we know that =*' ¢ ands,t are
depth% + 1 similar. Therefore by Lemma 2 there is a ttésuch that’ € L iff ¢ € L ands g(’}“ t'. We
can now apply Lemma 3 and obtaifisuch that” € Liff ¢’ € L, sis (k + 1)-pseudo-included i/’ via a
mappingh, andt” =k+1 ¢ =kt s Therefore it suffices to prove thatc L iff ¢ € L.

By constructiont” is h(s) plus possibly some extra contexts inserted between elsméh(s). We will
consider each of these contexts one by one, with the aim ohgddem tos. Lety be thep!” child of
some noder in s such thath(y) is not a child ofh(z). Let z be thept” child of h(z). By the definition
of pseudo-inclusion, we see thafy) is a descendant of andC, [z, h(y)), together with the obvious
assignment is an abstract looptih Let V7 - - -V, be the set of abstract loops that are obtained by this
process fromt”\h(s). For eachV; and each(k + 1)-typer, we let|V;|. denote the number of nodes in
V; that have type in t”. We will “pump” s until the number of occurrences of eagh+ 1)-type exactly
matches the number if. To achieve this, by induction, we construgt: - - s,, such that: (i)so is s, (ii)
foralln > >0, forall 7 € Ty, |si|- = |8|- + [Vilr + - + |Vi|, (i) s; € Liff s,_1 € L.

The base case is immediate. Assume the resuli fori < n, and considel = V.

Let fiy be the transition function on states associated to the xbhteThe first step is taninimizethe
size of V: find an abstract conteXt’ such that the function associated to the underlying comkt’ is
fv, V' uses the samg: + 1)-types ag/, and the size o¥/’ is bounded by-%+*""+1. This is a pumping
argument. To find such ®’, label each node of V' with the pair(f, 7) wherer is the(k + 1)-type ofz
in V andf is the transition function associated with the context imlgteh from the underlying context éf
by removing all nodes that are not descendants @fthe port of V' is not belowz, this will be a constant
function). Now, whenever there is a brancHirwhich contains the same label twice, we prune the section
from (and including) the top node to (and excluding) the @motbne, without affectingy . This yields an
abstract context” whose depth is bounded I}, * r*. As the rank ofi’” is bounded by, the total size
of V' is bounded by-#x*“+1,

Now setl/ = V''. Becausé/’ is an abstract loofd/ is well-defined as an abstract context. Moreover its
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size is bounded by(@*“+1)*l — ¢’ _ 1. Recall the crucial observation that &l + 1)-types occurring
outside ofh(s) have strictly more occurrencesifi than ins; they thus appear at leagttimes ins, and
therefore ins;. In particular, this is true of eadlt + 1)-type of U, hence by the choice af we can apply
Lemma 4 toU ands; and obtains; = A; - U - A, for some context\; and treeA,, such that € L iff
s; € L,ands, =FF! s;. We can now use the aperiodicity 6fand without affecting membership in
obtain a trees!! = A - vty As. Now sets; 11 = Aq - vty As. Sincefy was the same ag,//,
moving froms!/ to s;;1 does not affect membership in We can easily see that for evely+ 1)-typer,
|si+1]r = |si|l+ + |Vi]+, and thus we have all the other desired properties.
This last step is depicted in Figure 4.

h(x)

h{y)

Fig. 4. This figure depicts the last step of the proof. The &dpttee iss, which isk-pseudo-included i’ depicted at the bottom.
The extra part of’’\h(s) is depicted in dark grey and is the abstract coniéxtThe second tree in the top row represesitafter
applying Lemma 4, the dark grey parts representing: V. Aperiodicity adds one more copy df and yields the third tree in the
top row. But this tree is essentially the initial one withadded betweem andy, as depicted by the top right tree.

Lets’ = s,,. By construction we have =**! #” ands’ € Liff s € L. Theorem 2 now follows from
Corollary 1.

4. UNRANKED TREES

In this section we consider unranked trees. Each node mayhaeevan arbitrary number of children. As
mentioned in Section 2 we assume no order among the childi@enade; in particular we cannot speak of
the first child of a node. As usual we denotefbyesta set of trees.

The new difficulty of the unranked case, compared with th&edrcase, is that the number of isomor-
phism types of &-spill of a node is infinite. We therefore need to relax théorobf similarity. For any
numbern we define an equivalence relaties§ on trees of deptlk by induction onk as follows. Lett and
t' be two trees of depth. Letr andr’ their respective roots. In the cake= 0, ¢ ~° ¢’ if » andr’ agree on
their label. Otherwise ~* ¢’ if, for each clasg of ~*~1, the number of children of in ¢ must agree with
the number of children of’ in ¢ or both numbers must be bigger thanlt is immediate to see that, for
eachn, k, the equivalence relatior” is of finite index. For each nodeof a treet, the ~*-equivalence
class of itsk-spill is called the(n, k)-typeof . Whenn andk are understood from the context we simply
say thetypeof z. Let U7, ; be the (finite) set ofn, k)-types. If the(n, k)-type of noder in treet is i, we
write UT}, ;. (z) = p. For eachr € UT,, ,, we extend the notatiof| ., ="* 'and <" inthe obvious
way.

Two nodese, y are said to bén, k)-similar if they have the sami, k)-type. Note thatn, k)-similar
implies (n’, k')-similar for alln’ < n andk’ < k. Two trees are said to ke, k)-similar if their roots are
(n, k)-similar.
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The(n, k)-guarded swaps are defined as in the ranked case, replapithgidgmilar with (n, k)-similar.
Note that if L is closed unde(n, k)-guarded swaps then it is closed undef, &’)-guarded swaps for all
n’ > nandk’ > k.

We first focus on proving the following result, from which omain theorem, Theorem 5 below, will
follow easily:

THEOREM 3. LetL be a regular language over unranked trees.
Then L is definable in FO iffL is aperiodic and there exists, k € N such thatL is closed under
(n, k)-guarded swaps.

As with the proof of Theorem 1, one direction is easy and theiofllows from the following theorem.

THEOREM 4. For any regular unranked tree languadewhich is aperiodic and closed undé, k)-
guarded swaps, there existd@such that for any,t € 7 we have: s=Kt = sc L iff tc L.

The proof of Theorem 4 will follow along the same lines as theop of Theorem 2, but differs in the
technical details.

We fix an aperiodic regular tree langualjenumberg: andn and assume thdt is closed undefn, k)-
guarded swaps. We also fix a deterministic bottom-up uniitde® automatoni for L. Letm be the
tolerance ofd. Without loss of generality we can assume that m.

The following is an extension to the unranked setting of aisage of lemmas that we used in the ranked
case. The first one is again immediate from the locality of FO.

LEMMA 5. Foreach pair of numbedsr/, there existd(, ,,» such thas =Kan timpliess :Z”’““ t
ands, t are(n’, k + 1)-similar.

LEMMA 6. Foreach numbel and each number > n there exists a numbédrsuch that ifs :Z"k“ t
then there exists such thats gg,”““ t',t andt’ are(n’, k + 1)-similar, andt’ € Liff ¢t € L.

PROOF Assumes =) A1 ¢ for some large enougth whose value will become apparent during the

proof. Let3 be the number ofn’, k + 1)-typesr such thatt|, < |s|.. We prove the lemma by induction
ong. If 8 = 0 thisis clear. Otherwise letbe a(n’, k + 1)-type that occurs more times irthan int. By
hypothesis- occurs at least times int. We say that &', k + 1)-typev is safeif |t|, > d’. A subtreeina
treet is safe if all the nodes in it have safe types withiBy a subcontext of, we mean a set of the form
Cilz,y) for z,y € t. A subcontext of a treeis likewise said to be safe if every node in it has a safe type
int.

First, letd; be big enough so that whenever we hayedistinct subtrees of a treethen we can find
n’ of them and a state of A such that all the selected subtrees are safeaind A reaches state at the
root of each. Let#(A) be the number of states i, and letd, be big enough so that whenever one has
(d2/(#(A) +1)) — 1 subcontexts of a trefethere is at least one that is safe. Sueh andd, can be easily
computed from the size of, d’, n’, andk. We now claim that anyl bigger than(d; + 1) will suffice.

A 7-skeleton of lengthl is defined as in the ranked case. We have two cases to conBidée first
case, every node ihhas at mostl; children which have a descendant of typeln this case, since we
have more thaiid; + 1)** nodes of typer, we can use the same proof as in the ranked case to construct a
T-skeleton of lengtlly in t. As in the ranked case, the context betwegandz; . 4) in ther-skeleton of
t, including the top node and excluding the bottom one, igdadl--sectionof ¢. Using the same argument
as in the ranked case and the definitiorlgfwe can pump a portion of somesection in the skeleton as
much as we need to get the number of nodes of tyjpet to be larger than the number én This pumping
will not change the type of any prior node, so in particulalt wot impact the type of the root; thus the
resulting tree ign’, k + 1)-similar tot.

In the second case, there is some nodie ¢ that has more that;, children which have a descendant of
typer. By the choice ofl; we can find a state along withy, - - - , 4,/ children ofx so that for eacly;,
t|,, is safe,t|,, contains a node of type, and the automatod when run ort reaches; aty;. Because
n’ > n > m, the tolerance of4, it is possible to add an arbitrary number of extra copiesnyfaf ¢,
without affecting membership ih. Each copy adds at least one node of typand we do this until we
have enough nodes of type Again it is easy to check that pre-existing types are prveskiso the resulting
treeis(n’, k + 1)-similar to¢. O
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We adapt the notion of pseudo-inclusion to the unranked dageet is (n, k + 1)-pseudo-includeth
atreet’ if there is an injective mappinfy from nodes of to nodes of’, sending the root afto the root of
t’, and such that: (i preservesn, k + 1)-types, (ii) ify is a child ofz in ¢ thenh(y) is a descendant of a
child 2’ of h(z) in ¢’ such that’ andy have the samén, k)-type (notice the switch from + 1 to k here),
and (iii) if y; andy, are distinct children of in ¢ then the least common ancestoridf; ) andh(ys) in
t" is h(zx) (the children ofh(z) associated tg; andy, are distinct). Thei-pseudo-treés the minimum
subtree of’ which containsi(t).

The following lemma takes care of the pseudo-inclusion.step

LEMMA 7. For alld’ there exists:’ such that ifs g:}:”““ t ands,t are(n’, k + 1)-similar then there

existst’ such that is (n, k + 1)-pseudo-included ity ¢/ :Z;k:+1 t,andt’ € Liff t € L.

PROOF We say that a type € U7, ;4 is safeit it occurs more tham’ times int. A subtree oft is
safe if it contains only safe types. Letbe computed fromd’, n, k andm so that whenever one considers
a collection ofn’ pairwise-disjoint subtrees of some tree, then there eaistatey of A and at leastn of
the subtrees which are safe and for which the automatonesathte; at the root.

As in the ranked case, the proof is done by induction. We coaist; - - - ¢, andsg - - - s, such thatig
ist,forall0 <i < a,t;y1 € Liff t; € L, s; is a maximal prefix ok such thats; is (n’, k + 1)-pseudo-
included int,, if s; # sthens; is a prefix ofs; 1 and there exists a nodeof s that is a child of a leaf of;

n

such thate € s;41, tit1 :d;"”rl t; andt; gg;/”““ t;11. Sinces; cannot keep growing forever, we must
eventually have,, = s. This implies the lemma by taking = ¢,,.

By hypothesis the root of and the root of have the samén’, k + 1)-type. Thus we can initiate our
process by mapping the root eto the root oft.

Assume now that we have constructednds;, with s; a maximal prefix ok (n, k+1)-pseudo-included
in t; by the mappingu. If s; = s we are done. Otherwise letbe a node o§; which has a child, that is
notins;. Lets’ be the prefix ok which containss; andy. We show how to transforr into ¢;, 1 so that
s’ is pseudo-included in;; 1. This suffices for the induction, since cleadycan then be extended to be
maximal.

Letr = UT; 11(2), v =UT}; ;.4 (y) andz’ = h(x). By hypothesis we know that there is a nade
in t; outside ofh(s;) such thalU'T'; , . | (y') = v.

Let C be the set of children of that have an image und&r(in particular,y is notinC). LetC’ be the
set of children oft’ having a descendant in(C'). We distinguish two cases depending on whether there
exists a child:’ of 2’ which is (n’, k)-similar toy’ and which is not irC".

If such az’ exists then we are in a situation similar to the ranked cadecan again use a case analysis
depending on the relative position ef andy’ provide a sequence of swaps placigighelow 2z’ without
affecting the current mapping

Unlike in the ranked case, such’amight not exist. In this case we show that we can expand théoeum
of children ofz’, without affecting membership ih or violating the induction hypothesis, introducing a
nodez’ (n’, k)-similar toy’.

Letu = UT;,7k(y) (note that we move frorh + 1 to &, thereforev implies . but not conversely). Since
z andz’ have the samén/, k + 1)-type, the number of children af with (n’, k)-type u must agree with
the number of children of’ of (n/, k)-type 1 or both numbers must be bigger thah Let C,, be the
subset ofC' consisting of children of of type u. Let C}, be the subset of” of children ofz’ of type ..

By definition of (', k + 1)-pseudo-inclusion we have thit, | = [C/,|. Becausg is also of typeu and

y ¢ C,, the total number of children aof of type p is strictly bigger than the total number of children
of 2’ of type u and therefore both numbers are bigger thanBy the choice ofn’, this implies that we
can findm children ofz’ of (n’, k)-type u such that their subtrees are safe and such that the automaton
reaches the same staten all their subtrees. By the choicesafwe can arbitrarily duplicate each of these
subtrees without affecting membershiplin Because of the safety assumption the resultingtfreesuch
thatt; =""*" .. Because we have only introduced new nodes inis clear that; <-**! ¢/. This has
introduced a new nodg of type in ¢, and we can proceed as in the first casel

This is where the unranked case departs in organization fhenranked one. Indeed the proof of
Lemma 7 used pumping arguments, while the correspondingieim the ranked case used only swaps.
Therefore we cannot infer an unranked variant of CorollaryN&vertheless, the remainder of the proof

ACM Journal Name, Vol. V, No. N, 20YY.



14 . Benedikt and Segoufin

will proceed in the same spirit of the ranked proof in thatr&xtodes left over it from the image ofs
under a pseudo-inclusion will be removed. Since we cannmeato Corollary 1 as a stopping condition,
we will have to preserve the pseudo-inclusion as we perfarsremoval.

We extend the notion of abstract context to the unranked €asesider a contex@ whose root is not
equal to its port and a functionassigning dn, k)-type to the port of” and a(n, k + 1)-type to each other
node ofC. We say) is consistentf there exists a a treesuch that inC' - ¢, for every non-port node in C,
the(n, k + 1)-type ofz in C - t matches\(z), and the(n, k)-type of the portr in C - ¢ also matchea(x).
An abstract(n, k + 1)-contextis a contextC' supplemented with a consistent assignmeriVe will drop
(n, k + 1) when it is clear from context, referring simply to an abst@mtext.

The notions ofcompatibilityandloop are extended to unranked abstract contexts in the obvioys wa
Given a tree and an abstract contelt, the notion ofU being(n, k)-included in t is defined as expected,
as a mapping which not only preserves thek)-types but also the child relation.

As in the ranked case we will need lemmas that allow us toltigdthbed an abstract context into a
given tree, so that we can apply aperiodicity to remove thEmdo this embedding we need the following
technical lemmas.

Given an(n, k)-typer, a noder of typer is said to bgn, k)-thinif its k-spill can be embedded into the
k-spill of any node (in any forest) of type We have that for each € U7, ; there is a tree whose root
is of typer and is(n, k)-thin: choose thé:-spill of the root such that when we calculate the k)-type,
we never go beyond when counting the number of occurrences at each depth. Appamoder in an
abstract context of type is said to bgn, k)-thin if for any noder’ of a treet with typer and(n, k)-type
p, the number of children of having typep is no greater than the number of childrembf type p.

LEmMmMA 8. LetU be an abstract context. If <,, 11 t and each node € U, is (n, k 4+ 1)-thin, then
there existg’ such thatU is (n, k + 1)-included int’, t' =7%k+! tand,t’ € Liff t € L.

PROOF As was the case for the ranked variant of this lemma, Lemnthesfirst step in the proof is
a weak pseudo-inclusion d@f in ¢, which is obtained by a refinement of Lemma 7. Recall that weak
pseudo-inclusion is a pseudo inclusion that do not regbaethe root is mapped to the root.

CLAIM 2. If U <y41 t and every node € U is (n, k + 1)-thin, then there exists a trg€ such thatl/
is weakly(n, k + 1)-pseudo-included inf’, ¢/ =7*+1 ¢ and,t” € Lifft € L.

PROOF The proof is done exactly as in the proof of Lemma 7 with somalkdifferences. See also
how Claim 1 was proved using a modification of the proof of LesrnLeta be the root of/. In the base
case, the image of the root bf is now an arbitrary node af = ¢; whose type agrees with the typeaf
an inclusion mapping does not demand preservation of the Baming the induction we have constructed
t; and a prefixJ; of U which is weakly(n, k + 1)-pseudo-included in;.

Recall the proof of Lemma 7. We have two nodeg € s; such thaty is a child ofz and is of typev.
We also have two nodes nodesy’ € ¢;, such that’ = h(x) andy’ is a node outside df(U;) of typev.
We are trying to modify; in order to put a node of type belowz’.

In the proof of Lemma 7, we distinguished two cases depengimg/hether there exists a child of
«’ which is (n, k)-similar toy’ and which is not im(U;). As we now have that is thin, 2’ has at least
as many children as for each type, and therefore such’aalways exists. We are therefore in a situation
similar to the ranked case and we can perform a case anabinding on the relative position of, 3/
andz’ in order to place a node of typebelow 2’ using only swaps. As no pumping is necessary, we will
eventually also have’ =7F+1 ¢,

The case analysis is done as in the proof of Lemma 7 and, ag iprtof of Claim 1, one extra case
needs to be considered whghis aboveh(a). This case is treated as in the proof of Claim [J

The rest of the proof proceeds exactly as in the ranked casgeiproof of Lemma 4. We show that
the weak pseudo-inclusiain obtained in Claim 2 can be transformed into a real inclustep by step.
Considerz,y € U such that is a child ofz and assume that = h(y) is not a child ofx’ = h(x). We
also know by assumption that there is a ngti@utside of,(U') which has the same type g5

Again, the fact that: is thin implies that there is a chile of 2’ which is (n, k)-similar toy’. We are
therefore in a situation similar to the ranked case and wepediorm the same case analysis depending on
the relative position of’, 3/, 3" andz’ in order to replace’ by 3’ using only swaps and without modifying
the rest of the pseudo-inclusion mappinglhe reader is now referred to the proof of Lemma 4.
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We also need a version of this lemma for forests.

Given a tree and a forest/, the notion of being(n, k)-included in ¢ is defined by the existence of an
injective mapping which preservés, k)-types and the child relation. For a foréstand a treg, we say
thatU <, i t if every (n, k)-type occurring inlJ occurs strictly more often in

The same argument as Lemma 8 shows:

LEMMA 9. LetU be aforest. iU <,, k41 ¢t and each node € U is (n, k + 1)-thin, then there exists
t such that/ is (n, k + 1)-included int’, ' =7F+1 tand,t’ € Liff t € L.

We are now ready for:
Proof of Theorem 4. Let m be the tolerance ofl. Letd’ = (m + 1) * o + 1 wherec is spelled out in the
proof below. Letn’ be the number required in Lemma 7 frein andk, andd be the number required in
Lemma 6 fromd’ andn’. Let K be the numbek ,,» required in Lemma 5 fod.

We show thats =X ¢ impliess € L iff t € L. Assumes =% t. From Lemma 5 we know that

s :Zl7k’+1 t and thats andt are (n/, k 4+ 1)-similar. By the choice ofl we can apply Lemma 6 and

constructt’ such that’ € Liff ¢t € L, ¢/ gfjf’k“ s, ands and¢’ are(n’, k + 1)-similar. Now we can
apply Lemma 7 and obtaiti’ such that” € L iff ¢ € L, sis (n,k + 1)-pseudo-included in”, and
17 =t =k We show that € L iff ¢ € L.

As in the ranked case we observe that by definitioh,df’ is h(s) plusabstract loopsnserted between
nodes ofh(s) and extrébranchesranching off ther-pseudo-tree. The crucial observation is again that all
(n, k + 1)-types which occur outside @f(s) have strictly more occurrencesifi than ins and therefore
appear at leasgt' times ins. The rest of the proof transform’$ without affecting membership ih in order
to remove all the extra material.

We first show how to remove an extra branch. kebe a node ofi(s) andy’ be a child ofz’ such
thatV = ¢”|, is disjoint fromh(s). Lett; be the tree constructed frotfi by removingV’. We show that
t; € Liff t € L, thus we can proceed with replacingt”. By repeating this argument we can assume
thatt” does not contain any extra branch.

We now prove that; € L iff t” € L. Letr be the(n, k)-type ofy’ and letC; be the set of children
of 2/ of type r in the h-pseudo-tree. Becaugepreservegn, k + 1)-types,C; is of cardinality at least
n. As in the ranked case, using simple pumping arguments, wewgthout affecting membership ih,
replaceV by a treeV’ having the following properties: (iy” andV evaluate to the same state Af (ii)
V' has exactly the same set(@f, k + 1)-types ad/, (iii) V' has all its nodegn, k + 1)-thin, and (iv) the
number of nodes of is bounded by a constanteasily computable from, & and A. LetU be the forest
consisting ofm copies of/’’. Notice that all types occurring i’ occur more frequently i’ than ins,
hence occur at least times ins and thus in.(s). Sincet; still containsh(s), we have that all the types in
U occur at least’ times in¢;. By the choice ofl’, which is strictly greater thajy/ |, we havel' <,, 11 t1.
Thus we can apply Lemma 9 6 andt¢;, obtaining a tree, with m copies ofV’ (n, k + 1)-included in
it as children of a node. By Lemma 9 we have, € L iff ¢t € L. Ast” ist; plusV, each operation
which transformed; into ¢, can be applied t¢’ yielding a treets such thats is ¢, plusV hanging from
nodez’. Moreover we haves € L iff t € L. It remains to show that € L iff ¢t3 € L. Recall now that
n > m and therefore there exist siblings ofV of type . We can then perforrtn, k)-guarded swaps in
t3 in order to place then copies ofV’ as siblings ofi”. We thus haven + 1 siblings evaluating to the
same state below and thusl” can be removed without affecting membershigdinFrom the tree we just
obtained we get, by reversing the last: swaps, showing the desired property.

We now show how to remove an abstract loop/irusing a similar technique. L&t be an abstract loop
int"”. Lett; be the tree constructed frotth by removingV’. We show that; € L iff ¢/ € L, thus we can
proceed witht; replacingt”’. By repeating this argument we eventually derive #fa s showing that
t” € Liff s € L. LetV’ be an abstract loop obtained frdmsatisfying the properties (ii),(iv) listed in
the branch case above together with: (iii’) every non-podeis(n, k 4+ 1)-thin, and (i')V andV”’ induce
the same transition function fof; this abstract loop can be found as in the ranked case. Appiyrha 8
for the abstract contexf = (V')! andt, yielding a treet,. Again ast” ist; plusV, the same operations
that transformed, into ¢, can be applied in order to transforthinto ¢5. It remains to show that € L
iff 3 € L. Fromts, an extra swap appendsafter the sequence dttopies ofl’’ and thereford” can be
removed without affecting membership inby applying aperiodicity, yielding,. O
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The k-guarded swaps are defined as in the ranked case, but repisioimorphism of the:-spill. We
will now show the main result:

THEOREM 5. Let L be a regular language over unranked trees. Thers definable in FO iffL is
aperiodic and there exists € N such thatl is closed undek-guarded swaps.

The theorem will follow immediately from Theorem 3 and thédwing proposition:

PrROPOSITION 1. For every regular languagé and everyk there is a numben such that ifZ is closed
underk-guarded swaps, then itis closed under k)-guarded swaps.

PrROOF To prove the proposition, we first show the following claim:

CLAIM 3. For every regular languagé there is a number such that for every: if tree ¢1 is (n, k)-
similar to treet,, then there are treef , ¢}, with ¢} depth# similar tot}, such that4 reaches the same state
ont. asont;, fori = 1,2.

Proof of the claimLet m be the tolerance ofl, andn = m|Q|. Notice thatn is defined so that if there
aren nodes, at least: of them will have the automatas reach the same state. We show by induction on
k thatn suffices. Fok = 0 itis clear. To prove this fok + 1, considel(n, k + 1)-similar treeg, 2. LetS
be the set ofn, k)-types of the children of the root of and the children of the root @$. For eachr € S,
let t1(7) be the number of children of the root &if having typer and¢.(7) be the number of children of
the root ofty having typer. If for everyr we havets(7) = ¢1(7). then we can let] = ¢, t}, = ¢t and
we are done. For eachfor which this is not the case, we know thtafr) > n andt;(7) > n. Assume
without loss of generality that (7) > ¢;(7). By the definition ofm, there are at least children of the
root oft; having typer for which the automaton reaches the same state. Pick ones# tiodes and add
to(7) — t1(7) many copies of the subtree ofas children of the root of,. Sincem is the tolerance of,
this does not affect the state of the runsfat the root oft;. Applying induction, we can change and
t; without affecting the state at the root so that all the cleitdof the root o, having typer are depthk
similar to one another, and each of these are dépimilar to the children of the root af, having type
7. Doing this for eachr € S, we end up with trees; andt}, with the property that: for every € S all
the children of the root of; with typer are depthk similar to one another, they are all degitsimilar to
every child of the root of/, with typer and the number of such children is the sam# iandt,. Itis clear
thatt| andt;, are depthtk + 1) similar. O

Given the above claim, we show how Proposition 1 follows. Rige L is closed undek-guarded
horizontal swaps. We show thétis closed undetn, k)-guarded horizontal swaps fer given by the
claim. Givenz, x5 in some tre€l’ with x (n, k)-similar toz’, we lett; = T|,, andts = T|,,. Then
t1 (n,k)-similar tot, , and we lett}, ¢}, be as in the claim above faf andt,. For treess; ands,, let
T'[s1, s2] be the result of replacing by s; andts by sz in T'. We know that:

T[tl,tg] el - T[t/l,tlz] el - T[ /27t/1] SR T[tg,tl] eL
The first and third equivalences follow becausandt; are equivalent in the automaton, and the mid-
dle equivalence is from closure underguarded swaps. This proves that closure urdek)-guarded
horizontal swaps.

The proof for vertical swapping is similar; instead of thaisl above, we show that: For every regular
languagel there is a numben such that for every: if contextC; is (n, k)-similar to contextCs, then
there are contexts], C;, with C] depth% similar toC?, such thaC! induces the same state function@s
fori=1,2.

Here two contexts arén, k)-similar if they are(n, k)-similar as trees. The extension of the inductive
argument for this is left to the reader]

5. DECIDABILITY

We first show that the characterizations of Theorem 1 and rEBme& are generalizations of the string case.
Then we show that they lead to decision procedures for meshipein FO and FQ),,4.

5.1 The string case

We view a string as a tree in which every node has at most ofee dhie child corresponds to the successor
of anode in a string. With this kind of tree, only the vertisalap can be applied. Theorems 1 and 5 imply
that a regular language is definable in FO iff it is aperiodid alosed undek-guarded swaps for sonie
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In the string case a similar characterization of FO saysahragular language is definable in FO iff it
is aperiodic and closed undefempotent-guarded swapd his result was proved by Beauquier and Pin
[Beauquier and Pin 1989]. We will show how this can be derivedh our characterization.

We define the notion ofdempotent-guarded swap$ix a regular (string) language and a minimal
deterministic automatoA recognizingL. Recall that a functiorf is idempotenif fo f = f. A string
e is said to bedempotenif the transition function it induces is idempotent. A regustring languagé
is closed under idempotent-guarded swap®r any string of the formues fves’ fw, wheree and f are
idempotents and different from the empty string, we have

uesfves’ fw € L iff ues’ fvesfw € L.

We show that the two notions of guarded swaps are equivalentstrings.

THEOREM 6. A regular languagel. over strings is closed under idempotent-guarded swaps if i
closed undek-guarded swaps for soniec N.

PrROOF One directionis simple: it is closed undek-guarded swaps then it is closed under idempotent-
guarded swaps. Consider a string of the fares fves’ fw, wheree and f and non-empty idempotents.
Then we have:

uesfves' fw e L iff ueFsfFvets frw.

Notice now that the two positions right afterand right after are depthk similar, and the same holds
for the two positions right after and right afters’. We can then appl¥-guarded swaps and get

uesfves' fw e L iff uebs fRveFsfFw iff ues' fvesfw € L.

We now turn to the other direction. Assunieis regular, letA be a deterministic automaton fdr,
and assumd. is closed under idempotent-guarded swaps. &k the number of states ¢f and take
k = a® + 1. We show that_ is closed undek-guarded swaps. Recall that a striagnduces a transition
function £} on the states ofl such thatf/(¢) = ¢ if, when started in statg, ¢’ is the state reached by
at the end ofv. Two stringsw andw’ areequivalent relative td. if 4 = f4.

Consider a string of length greater thah. Fori < k letv; be the first letters ofw. By the choice ok
there must bé < j < k such thatf;} = f,}. Letu be the string such that = v;u. Becausef;} = f;! we
have for every positive integet, v;u” andv; are equivalent relative th. Notice now that for all strings
there exists? such that.” is idempotent. Hence in any string of length at ldaghere is an idempotemt
that can be inserted without affecting membershipin

Now consider a stringv and positionse, y, 2’, ¢’ such thatr < y < 2’ < ¢ andz,z’ are depthk
similar, andy, y" are depthk similar. First, consider the case in whighs not in thek-spill of z, =’ is not
in the k-spill of y, andy’ is not in thek-spill of 2’. Thusw can be decomposed int@ - sv - s’ws - sv’ - s'ws
wheres ands’ are thek-spill s of z andy and the “dots” mark the position aof, y, 2/, v/'.

We can now apply the technique mentioned in the paragrapleatra insert an idempoteninto s and
an idempotenf into s’ without affecting membership ifi. Thus we have

w e L iff wy-siesov- sy fsqws - s1esov’ - s fshws € L.

We now use the closure df under idempotent-guarded swaps and obtain (the “dots” molicate the
sections that are swapped):

w181 - €8US) f - SHwasy - esav's)f - sqws € L iff wysy - esqv's| f - shwasy - esqus f - shws € L.

But the latter is precisehy; - sv’ - s'ws - sv - s'ws as required fok-guarded swapping.

The other cases are handled similarly. We consider the chseewis in thek-spill s of z, 2" is not in
thek-spill s’ of y, andy’ is not in thek-spill of 2. Thusw can be decomposed int® - s1 - s'ws - sv’ - s'ws
with s’ = s5s3 ands = s;s9.

By the argument above, we know that there is an idempotetiat can be inserted intg without
impacting membership ih. We have two subcases to consider depending whetlfts in s, orin ss.
If f can be inserted iy then we writes, ast; - to, Wheret; fto is equivalent relative td. with ¢1¢5. We
thus have a decomposition @fasw; - sy - t1taszws - s1t1t2v’ - t1tas3ws.
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Using the fact thaf can be inserted, we see that:

w e L iff w181ty - ft283w281t1f . ftgvltlf . fthg’LUg e L.
Applying idempotent-guarded swapping to the blocks betwmpies off we get:

w e L iff w181ty - ftgv/tlf . ft283w281t1f . fthg’LUg e L.
Removingf and regrouping we get:

we L iff w- Sltlfg’l}/ - t1toszws - 81 - t1tosgws € L.

This shows that guarded swapping holds.

In the subcase whergcan be inserted intg;, we know there is another idempotenhat can be inserted
into s = s1s5 prior to the place wherg is inserted. We now write asw; -t1 etaots ftaws -t1etav’ - t3 ftaws,
and again the a swap gives the desired result.

The rest of the cases are treated similarlyl

Note that Theorem 6 does not generalize to trees. In the &g itis still true that any-spill, for a
sufficiently largek, will contain an idempotent, but which idempotent this igl avhere it can be inserted
can no longer be computed by looking only at iaspill.

5.2 Decision Procedure

Let L be a regular tree languagé,be a deterministic bottom-up automaton (ranked or unraniebg-
nizing L, and let@ be the set of states of. In this subsection we will consider the problem of deciding
whetherL is in FO. The input of the problem id, and thus the complexity is relative to the sizeAf
Without loss of generalityd can be taken to be minimal, since a number that is polynomitie size of

a minimal automaton is clearly polynomial in the size of anyoaaton, as minimization can be done in
polynomial time.

In the string case deciding whether a regular languagan be defined in FO is RWE in the size of
such anA [Pin 2005]. Note that this is not immediate, as checking iapiégity alone is P8ACE-complete
[Cho and Huynh 1991]. It turns out that ideas similar to [P002Z] show that membership in FO can
actually be checked in RWE also in the tree setting. We will show this only for the rankege; the
unranked case is proved along the same lines.

We will first show that the aperiodicity condition in Theordntan be replaced by one that is easier to
check. Following the approach of [Pin 1996]: we replace ipliity by the condition({)l: there exists
[ such that for any contexts x, y, any contexk that generates an idempotent function on states of the
minimal automaton, and any treg we have

/

s-(e-x-ey-el-s el iff s-(e-x-e-y-e)-e-x-e-s €L.

In [Pin 2005] it is shown that for a regular string languagattis closed under idempotent-guarded
swaps, aperiodicity is equivalent t¢)!. More precisely, [Pin 2005] shows that in any finite monoid
satisfyinge-u-f-s'-e-v-f =e-v- f-s' -e-u- f forallidempotents, f and arbitrary monoid elements
u, s’, v, we have the following are equivalent: a) theré ®uch that the identity! = «!*! holds and b)
there isl such that the following identity holds

(e-z-ey-el=(z-ey-e)l-ex-e
holds (where agaiarange over idempotents andy range over monoid elements). We apply these results
to the monoid of contexts. Observe that the proof of Theoreshdws that if a tree language is closed
underk-guarded vertical swaps, then it is closed under idempajeatded vertical swaps (the converse
holds for string languages but not for tree languages). ¥ipglthis observation, Theorem 1, and the result
of [Pin 2005] cited above, we see that a regular tree langisaggfinable in FO iff there existssuch that
it is closed undek-guarded swapping and there existaich tha(t)! holds.

We will now show that one can decide in RTE whether or not a regular tree language satisftes
Our argument will rely on the notion of graph pattern matghimhich we review here. For the purposes of
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this section, gatternis a graph whose edges are labeled by variables which ramgel@ments of * for
some finite alphabdt. In addition a pattern comes with side conditions statingctvinodes of the pattern
should be interpreted as distinct nodes. Gebe a graph whose edges are labelefl.irSuch a graplt~
matches pattern if there is a mappinftaking each variable in the pattern to a strind'inand each node
of the pattern to a node @¥ such that for each side constrat # ps, f(p1) # f(p2), and such that
whenever there is an edge frgmto p, in the pattern labeled with, there is a path fronf(p1) to f(p2)
in G whose labels yield the strinfj(v). In [Cohen et al. 1993] it is noted that for every fixed pattehe
problem of determining given a graph, whether the graph hestthe pattern, is in RWE. This result was
used to show that FO-definability is in IME in the string case. From a minimal automatbnecognizing
L one constructs an edge-labeled graph = (Va, F4) as follows. The vertex séty of G 4 is the set
of states ofA. The transitions£4 C V4 x ¥ x V4 are labeled with letters of the alphabetof L and
correspond to the transitions df

X
@@

Let P be the pattern depicted above together with the conditio# ¢-. It has been shown that [Cohen
et al. 1993]L verifies(f)! for some | iff G 4 does not matclP. Minimality of A is used in the left to right
direction.

This result extends to trees as follows. From an automatdafineG 4 = (Va, E4) as follows. The set
of verticesV4 is Q. The set of edgeB 4 is included inV4 x A x V4 whereA = X x | J,_,. Qi x{1...7}
wherer is the rank. We connect a nogdo a nodey’ via an edgda, A, j), where) is a sequence of (at
most)r states, if§(\,a) = p’ where thej*" state of\ is p. That is, an edge represents the inverse of a
transition of the automaton. The same proofs as in [Pin 200%gn et al. 1993] show that:

LeEmmMA 10. L verifies(t)l for somel iff G4 does not matctP.
Therefore we have:

PROPOSITION 2. One candecide iR TIME (in the size of a deterministic bottom-up automaton) wirethe
or not a regular languagé. satisfieqt)! for somel.

We now show that it is decidable in BME whether there exists such thatl is closed undek-guarded
swaps. We first show that if is closed undek-guarded swaps then it is closed unééguarded swaps
wherek’ is computable from.

LEMMA 11. LetL be a regular language. Leatbe the number of states of an automaton foand
k' = o® + 1. ThenL is closed undek-guarded swaps for sonieiff it is closed undet’-guarded swaps.

PrROOF We show thatifL is closed undek-guarded horizontal swaps for akythen it is closed under
k’-guarded horizontal swaps. The proof for vertical swapgdar and is left to the reader.

Lett be a tree and, y two nodes of that are depth’ similar. We first show that we can transfotrby
pumping in new subtrees so thaty becomek-similar in the new tree, without affecting membershigin
Lett, = t|, andty = t|,. Let f(¢, z, y) be the lex-minimum of pairs of integefs, m) such that there is a
leaf nodez in the common prefix of; andt, such that its level is and its position i3n among nodes of
leveln: we know thatn is no smaller thai’. We will transform¢ by pumping so thaf (¢, z, y) increases.

Let P be the common prefix af andt,, w be a leaf node i witnessingf (¢, =, y). Consider a rum
of A ont. The run assigns a staggo each node of when running up botly, andt,. We assign to each
node ofP the pair of stategq, ¢’') such thay is the state of at the corresponding nodednwhile ¢’ is the
state ofr at the corresponding node ip. By the choice of’, on the path from the root t@, there must
be a pair of states that repeat. Leandz’ be two such nodes. Consider the con€xtbetween the copy
of z andz’ within ¢, including z and replacing’ by a port. Without affecting membership inh we can
duplicateC; in t; as many times as we wish. Considering the conf&xtbetween the copy of andz’
within ¢, we can perform the same duplication within Performing both these duplications, we have now
increased the depth af to be aboveé: without removing any nodes frof, thus increasing (¢, z, y).

Performing this repeatedly, we arrive at a tréebtained fromt by adding new sections such that
ft',z,y) = (k1) for a givenk. We can now apply-guarded swapping to switch the subtrees under
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andy in ¢’. We can now remove the extra sections, resulting in a treaddrfrom the original treé by
swapping the subtrees undeandy, as required. O

From the above it is already clear that one can decide whétheiclosed undek-guarded swaps for
somek, since one needs to check only tiiais closed undek’-guarded swaps, and for a fixétlchecking
closure under swaps is easily seen to be decidable. Belowilh&haw a stronger result:

THEOREM 7. There is an algorithm that decides, given a deterministitoematon for a regular lan-
guagel and a positive integek, whether or notL is closed undek-guarded swaps, and which runs in
time polynomial ink and the size ofi.

We will now prove Theorem 7. We first show that deciding clesunder horizontal swapping is in
PTIME.
We first note that:

CLAIM 4. There is an algorithm that, given a deterministic bottomaupomatonA, positive integek,
and stategy, go of A, determines whether or not there exissimilar treest, to such that whem is run
ont; : i = 1,2 it leads to statey; at the root oft;. We writeq; ~j g2 when this occurs, with the algorithm
running in time polynomial it and the size oA.

PrROOF The algorithm is simple induction, sinpe~;, ¢ iff there is an alphabet symbolnumben’ < r
and state®; ... pq,q1 . ..q- With p; ~,_1 ¢; for eachi < r’ such thatd transitions orz fromp; ... p,
topandfromg, ...q» togq. O

Note that we do not claim that the algorithm is polynomialiie size ofk.
From Claim 4, we can derive our first result:

LEMMA 12. Verifying that the language of trees given by a deterstimautomatom is closed under
k-guarded horizontal swapping is in RME in |A| andk.

PROOF It suffices to show this for a minimal automaton. We provs thithe case of binary trees. The
extension to arbitrary ranked trees and to unranked trde# i® the reader.

A 2-context is a tree with two distinguished leaves calledg0An automatom and a 2-context\
induce a functiom\ 4 from @ x @ to @ simulating a bottom-up evaluation.

By minimality and determinism ofi, we need to check that for all states ¢, if g1 ~r g2 then for
every 2-contex\ we haveA 4(q1, g2) = A (g2, q1).

From Claim 4 the lemma follows assuming that we have showergiwo stateg; andg, such that
q1 ~r g2, We can check in PIME that for every 2-contexA we haveA 4(q1, ¢2) = Aa(g2, q1).

Consider the sef consisting of the sextuples of states p1, p2, ¢, q1, ¢2) such that for some context
A, p = Aa(p1,p2) andg = Aa(q1,q2). Z can be computed easily by a fixpoint algorithm. To check
the property above, we need only determine whether thereéupla(p, ¢1, g2, g, ¢1,g2) In Z with p # ¢
andq; ~p ¢o: this can be done by a single iteration ov&r Hence the whole process can be done in
PTIME. O

We now turn to deciding closure under vertical swaps, whsathiecked using similar ideas.

We need the following two relations among stateglofiVe say thaR (r, p1, ¢1, p2, g2) holds whenever
there exists a contexi and a tree such thatA andt¢ agree up to depth, As(p1) = q1, Aa(p2) = ¢
andr is the state reached byont. We say thatSi(p1, q1, p2, g2, P}, Ph, 41, ¢5) holds whenever there exist
two contextsA andA’ such thatA and A’ agree up to depth, andA 4 (p;) = ¢; and A’y (p}) = ¢} for
i=1,2.

CLAM 5. There is an algorithm that computég, and S;, that runs in time polynomial ic and size
of A.

PROOF Thisis done as in Claim 4, with the extra reachability coaists being verifiable in PIME. O
We are now ready to show:

LEMMA 13. There is an algorithm deciding whether or not a langudgeranked trees given by au-
tomatonA is closed undek-guarded vertical swapping which takes polynomial timé.ipA|.
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PrROOF We use Claim 5. Considérguarded vertical swapping, where we restrict the nades$to be
at leastt apart, and similarly foy, y’. Then this restricted-guarded vertical swapping fails iff we can find
(r,p1,q1,P2,q2) € R and(r,p1,q2,5,q1,8,7m,p2) € Sk with s # §’, which can be checked in PilE
onceSy and Ry are computed. The cases whete’ are distance < k apart ory, 3’ are distance < k
are done similarly, with a variation on these equivalendatians being defined for each of the possible
distances modulé. O

From Lemma 12, Lemma 13, we have Theorem 7.
From Lemma 11, Theorem 7, and Proposition 2, we concludedflening:

THEOREM 8. There is aPTIME algorithm that takes a deterministic automaton for a regldaguage
of ranked trees and decides whether or not it is definable in FO

The theorem also applies to unranked trees, via easy eatensf Lemma 11, Theorem 7, and Proposi-
tion 2.

6. MODULO COUNTING

In this section we extend the previous results tg,fzQ We provide a characterization that can be used to
give a PTME algorithm for a decision procedure. We deal here only withdase of trees of fixed ramk
although the results can be extended to the unranked setting

In [Straubing 1994] (See VI1.3.1), the result of [Beauquird Pin 1989] is extended to a characterization
of FO,,04(p) ON strings, by simply replacing the aperiodicitylofvith a periodicitycondition - that is, that
the monoid associated with is ¢g-periodic. When we apply this to the monoid of contexts gateat by a
language, we get that a regular tree languldgeqg-periodic if:

(¢-periodicity) 31 such that/s, v contexts, and/t tree,s - u! -t € L iff s-u!t7.¢t € L.

Fix P C N finite and letq be the least common multiple of all numbers occurring’inWe show that
membership in FQ,4(p) is decidable.

We start with giving the notion of locality relevant to EQ,;. For numberg: andg, and trees andt,
we says =y, ,,  t if for every k-typer, |s|; = |t|; modg and|s|. = ||, if either|s|, < nor|t]. < n.

It is well-known that an FQ,,4; sentence on bounded-degree structures can only count thieemwof
local neighborhoods up to some modulus and threshold (seeximple, [Nurmonen 2000] Theorem
3.4). Applying this within ranked trees, one easily obtahesfollowing:

PrROPOSITION 3. For any fixed rankr and anyFO,,.qp) sentencep, there are numberg and n
computable fromp andr such thaip cannot distinguish twe-ranked treess andt with s =2, , , t.

The following simple lemma shows the{periodicity and closure under swaps are necessary conditi
for definability in FQ,,o4(p)-

LEMMA 14. LetL be a regular tree language overanked trees definable in £Qupy. ThenL is
g-periodic and there existskasuch thatl. is closed undek-guarded swaps.

PROOF Fixing k£ as in Proposition 3, one sees thatis closed undek-guarded swaps, since these
preserve the number éftypes.

The proof thal-periodicity is necessary is done as in [Straubing 1994¢ simows by structural induc-
tion that all FQ,,4(p) formula areg-periodic where free variables are treated as sentencegriadact
alphabet. The base case of atomic formulas follows fromeksalt for FO, while the inductive cases are
already shown in the proof of VII.3.1 of [Straubing 1994]]

The converse is also true and this is the main result of tlusose

THEOREM 9. Let L be aregular tree language.
ThenL is definable inFO,,,q(p) iff L is g-periodic and there exists & such thatL is closed under
k-guarded swaps.

The proof, discussed in the appendix, follows along the siames as the characterizations in the pre-
vious sections, with the additional technical difficultytionly pieces of sizé modulog can be added or
removed.
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We have the following corollary, which follows from the wédhown fact that every finite monoid is
g-periodic for somey:

COROLLARY 2. LetL be aregular tree language.
ThenL is definable inFO,,, iff there exists & such thatl is closed undek-guarded swaps.

Based on Theorem 10 a IME decision procedure for testing whether a regular languagefinable
in FO,,04(p) Can be obtained as in Section by combining the tesgfperiodicity with the test for vertical
swaps with a suitable pattern. The details can be found iappendix.

The characterization above also works also in the unranked;dhe modification is explained in the
appendix.

7. CONCLUSIONS

The main result presented here is the decidability of FOadéflity in ranked trees and unordered unranked
trees. The question of characterizing FO-definability ideved unranked trees is open. Our decidability
results for unordered unranked trees extend easily to Egepigiven by sentences of Monadic Second
Order Logic with counting modulo quantifiers (CMSO). Themeguages can be presented by a bottom-up
tree automaton whose transitions can count the number lofrehiin a given state module Again, one
can get a decision procedure that is polynomial in the sizeddterministic automaton.

We believe that our characterization (and the decidabiésults that follow) extends to-trees. In
addition to giving a decision procedure, the charactddonatere has been useful for demonstrating that
certain queries are first-order; for example, it is has besaduo prove that order-invariant first-order
gueries over trees are first-order expressible.

The class LT of languages is defined as for LTT but without treghold. That is, one can check the
occurrence or absence of a pattern in a string but can no l@ogat the number of occurrences. We are
considering how to modify our axioms to characterize LT.

Acknowledgment: We wish to thank Jean-Eric Pin for many fruitful discussi@n the word case and
Mikotaj Bojahzyk for his help on an earlier draft of this pap
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8. APPENDIX: PROOFS OF THE MODULO CHARACTERIZATION THEOREMS

Here we will give the proofs of the characterizations of foeer logic with counting quantifiers. As
before we start with the ranked case, to illustrate the ni®a,iand then we move to unranked trees.

Fix P C N finite and letq be the lcm of all numbers occurring iA. The goal of this section is to show
that replacing aperiodicity with-periodicity in the theorems farO gives a characterization of EQp).

8.1 Ranked trees and modulo counting

We start with the ranked tree case, fixing the rank s the whole section. Note first that for ranked trees,
FO,n04¢p) is included in MSO (this is no longer the case for unrankeeisyeThis is because over ranked
trees, a linear order can be defined in MSO and therefore icmuapiantifiers can be simulated using this
order. Thus FQ,,4py defines only regular languages. We recall the statement@drem 10:

Let L be a regular tree language.

Then L is definable inFO,,,q(p) iff L is ¢g-periodic and there exists & such thatl is closed under
k-guarded swaps.

The proof thay-periodicity is necessary is done as in [Straubing 1994¢ shows by structural induc-
tion that all FQ,,,q(p) formula areg-periodic where free variables are treated as sentencegriodact
alphabet. The base case of atomic formulas follows from ékalt for FO, while the inductive cases are
already shown in the proof of VII.3.1 of [Straubing 1994].

For the converse, we denote bysff t’ the fact that andt’ agree on all sentences of EQ,(py with
at mostK (first-order or modular) quantifiers. As in the case withootdulo quantifiers, Theorem 10 will
follow immediately from:

THEOREM 10. For anyk and any regular languagé which isg-periodic and closed undér-guarded
swaps, there exists K such that for any, ¢’ € 7 we have: ¢ zf t = tel iff ' elL.

We will thus work towards the proof of Theorem 11. We follove tines of the proof of Theorem 2. Fix
L andk such thatl is ¢g-periodic and closed undérguarded swaps. Fix a deterministic automatofor
L.

The notion ofk-spill and depthk similar is as in the ranked case for FO. Given two tregsve denote
by s =d’k t the fact that for all- € 7y, |s|- = |t|- or, |s|+, |t|- > d and|s|, = |t|, modulog. If in addition
forall T € Ty, |s|- < |t|~ then we writes gg’k’ t. Ifforall 7 € Ty, |s|» = |t|, then we writes =%F ¢,

The first two lemmas are easy adaptations of Lemma 1 and Lentonth2 modulo counting case.

LEMMA 15. For each numbet, there exists a constaif; such thats zfd t implies thats :j’i”““ t
ands, t are depthtk + 1) similar.

The lemma follows because the count modaglof occurrences of a givek-spill within a tree can be
expressed via an FEQ 4 py sentence.

LEMMA 16. For each numbe there exists a numbérsuch that ifs =2**" ¢ then there exist§ such

thats <%"*' ¢/, andt, ' are depthik + 1) similar, andt’ € Liff ¢ € L.

PrRoOOF This is proved by making a slight modification of the prooteinma 2. Again we proceed by
induction on the number of typesthat are not sufficiently well-representedtin In the inductive step,
we fix a (k + 1)-typer. The proof of Lemma 2 shows that we can find a pair of nagdes, with x5 a
strict descendant af, such thaiCy[z1,x2) (that is, the set of nodes that are below or equal;tand not
belowzs) contains at least one node of typebothz; andz, have the same type, all nodes(fz1, z3)
have a type that is safe (i.e. occurs at leigimes), and the automatof for L reaches the same state of
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x2 as onz;. If we now replace’;[z1,x2) by « - ¢ copies of itself, for large enough, then we will have
preserved the counting moduj@f occurrences of each type, have not disturbed any unsade and will
have made the number of occurrences af ¢’ greater than the numberin O

Lemma 3 and Lemma 4 are proven using only swapping movesgheitigout modifying the occur-
rences of k + 1)-types. Therefore we can make use of them in the modulo cuyintise. The same holds
for Corollary 1. It therefore remains to revisit the lasttpafrthe proof of Theorem 2 and adapt it to the
modulo counting case.

We are now ready to begin the proof of Theorem 11. Qebe the set of states of, « = |Q| be the
number of states odl. Let 3, = |7;.1]|. Letl be theg-periodicity number of.. Letd’ = r(Fr*"+1)+ 4
Let d be the number required in Lemma 18 f6r Let K be the numbeK; required in Lemma 17 fad.
We show that =X ¢ impliess € Liff ¢ € L.

Assumes = —K t, we show that € L iff t € L. From Lemma 17 we know that=% t. Therefore

by Lemma 18 there is a treé such thatt’ € L iff ¢t € L ands <q”“+1 t’. We can now apply Lemma
3 and obtaint” such thatt” € L iff ¢’ € L, sis (k + 1)-pseudo- mcluded in” via a mapping, and
" =Lkl = q’k“ s. Therefore it suffices to prove thatc L iff ¢/ ¢ L.

Once more followmg the proof of Theorem 2, we have by comsion thatt” is /(s) plus loops (of size
larger than 1) inserted between nodes:6f). As before, all(k + 1)-types which occur outside af(s)
have strictly more occurrencestfithan ins and therefore appear at lea@étimes ins (and int”’). Notice
also that for eaclik + 1)-typer the total number of occurrencesobutside ofi(s) is zero modulgy. Let
Vi -- -V, be the sequence (in arbitrary order) of loopg'ii(s) and letV be the forest J, -, ,, Vi. From
the remark above we have € 7,1, |V |, = 0 modulog. o

Before continuing we need some additional definitions. Ramberj, a j-contextis a tree withj
designated leaves, which we call (generalizing the natafi contexts) ports. Given g-contextC,
an ordering of its ports ag, ..., p;, and trees; ...t; we letC[t1,...,t;] denote the tree obtained by
plugging in each; into p,. An “abstractj-context” is aj-contextC' in which the root is different from
each port, supplemented with an assignmeait (k£ + 1)-types (where is the number fixed above) to each
non-port node and A-type to each port node such that the assignmentsansistentthere aref; ... ¢;
such that for every nodein C, the type assigned toin C'[t1, ..., t;] matches\(z). Note that this notion
of consistency extends that given for abstract contextsdar-O case.

k+1

LEMMA 17. There exista’ and abstract loops; - - - U,,+, with eachlU; having cardinality greater than
1, such thatifU = |, ,., Ui we havevr € Ty 41,q - U] = |V|-.

PrROOF For each(k + 1)-typer and eachk-type v let .. (v) be 1 if v is induced byr, 0 otherwise.
For any multiset3 of (k + 1)-types and any:-typev, letap(v) beX e, ., |B(7)|a-(v), where|B(7)]
is the number of occurrences ofin B. Forr,v as above leg,(v) be the number of children of-
type v that a node of k + 1)-type 7 must have, and extend this to a multiset(éf+ 1)-typesB by
Be(v) = EreT,. ., |B(7)|B- (V). Soap measures how often a givértype occurs in a multiset @ + 1)-
types, and?z measures how often/atype occurs as a child in a given set(@f+ 1)-types. Finally, let
v8(v) beap(v) — Bp(v).

Let B be the multiset of al(k + 1)-types occurring irl/. Becausé/ contains only abstract loops, we
have that for eaclr € 7, ~vg(v) = 0: the occurrence of a type in the interior of one of the loops is
counted once in both and 3, thus contributing to -, while the occurrence of a type in the root (and
hence in the port) is counted in but is balanced by the occurrence of that type as a pgit icet B’ be
B where the multiplicity of each type has been dividedjbyB’ is well-defined because all multiplicities
in B are multiples ofy. Since for eaclv € 7, the multiplicity of each(k + 1)-type that induces it and
the multiplicity of each(k + 1)-type that had it as a child are both divided dyn going fromB to B’,
~vp'(v) = 0. We will construct abstract loofd$, - - - U,,, such that the multiset formed with tfie+1)-types
of nodes ol J, .,,,, Us is B'.

Assume we have already construciedabstract loop€/; - - - U,,,, and a “partially constructed loop”
— either an abstragt-contextX which we hope to extend into an abstract loop, or the “empstrabt
context” (whose underlying context has no nodes). Betbe the multiset of & + 1)-types assigned to
non-port nodes o U | J, .;,,, Ui- We will assume inductively thaB, is a sub-multiset of the types in
B'. Let B, = B’ — By, where difference of multisets is defined in the usual way.
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If X is empty andB; = B’ (i.e. B is empty), then we are done, sinte...U,, are the required
abstract loops. Otherwise we will extend the constructibilerdecreasing the sum of the multiplicities of
types inBs.

SupposeX is empty andB; # B’. Then Bs must contain at least ong + 1)-type with positive
multiplicity. Let 7 be such gk + 1)-type, and let, ..., v; be the sequence of inducéetypes of the
children of a node ofk + 1)-typer. We setX to be an abstragtcontext containing a root node assigned
to (k+1)-typer with j children, all of which are ports, with th&" child assigned-typev;. The definition
of the sequence,, - - - , v; implies that this is a consistent assignment.

If X is not empty and is an abstract loop, then welégt,; = X and continue as above. K is not
empty and has no ports, them, (v) > 0 for v the k-type of the root ofX. Sincey(B’)(v) = 0, we have
v(B2)(v) < 0 and hence there is songe + 1)-typer in B, that requires’ as thei*” child. We add this
type as a new root ok, appending the ol as thei'” subtree while making any other required children
into ports. Again, the multiplicity of in B; is decreased.

SupposeX is not empty and is not an abstract loop. kdbe the(k + 1)-type assigned to the root of
X and7’ be thek-type induced byr. SinceX is not an abstract loop, eithéf has a port whose assigned
k-typeisv # 7/, or X has more than one port of typé

In the first case, fix such a pastand typev. Thenv(B)(v) > 0, and sincey(B’)(v) = 0 this implies
~v(B2)(v) < 0. So there is somé&: + 1)-type p with positive multiplicity in B, consistent withv. Let
m .. .ns be thek-types of children required by. Replace porp with a nodex of (k + 1)-type p, where
x will have childrenp; . .. p, that are ports of types; .. . ns, respectively. The size of the multiplicities of
types inB; has decreased ldy and we continue the induction.

In the second case(B)(7') > 0, and this impliesy(Bz)(7’) < 0. Hence there is & + 1)-typep in
Bs consistent with’. Replace one of the ports of tygéwith a noder of typep, which is again given the
port children of the types required lpyand continue inductively.

LetU = U <;<, Ui. By construction we haver € Ty41,q¢.|U|; = ¢.|B'|; = |B|; = |V|; as
required. O

Fix U = {Uy---U, } asin Lemma 19. By induction we construgt: - - s,,» such that: (i)so is s, (ii)
VT € Tix1 |8ilr = |8 + q.|Ur|r + - - ¢.|Uil+, (i) s; € Liff s,_1 € L.

The base case is immediate. The induction is done as in tlué pfdheorem 2, firsU; is reducedto
W;, whose size is strictly bounded k¥/1, and theniV/ is inserted tos;_; using Lemma 4. We can now
useg-periodicity of L to insertq extra copies of¥; (and thereforé/;) as required. All this is done without
affecting membership it.

Let s’ = s,. By construction we havér € Ti41,|s'|: = |s|- + ¢.|U|- = |s|- + V], = |t"|; and
s’ € Liff s € L. Theorem 11 now follows from Corollary 1.J

Theorem 10 immediately implies the following complexityunal:

COROLLARY 3. There is @P TIME algorithm that, given a deterministic bottom-up rankeeta@itoma-
ton, checks whether the corresponding tree language isat@énnFO,,, 4.

PROOF By our prior results, and the fact that every regular lamguag-periodic for somey, it suffices
to check in PTME that a language is closed undeguarded swapping for sonie But this was already
shown in Theorem 7.0

We can also show the analogous result for,5Q p):

THEOREM 11. There is aPTIME algorithm that, given a minimal deterministic bottom-upkad tree
automaton, checks whether the corresponding tree langisadgfinable irFO,,, .4 p)-

PrROOF By Theorem 10, we need only show that for languages thatfgadtiguarded swapping;-
periodicity can be checked in PME. We use an argument modeled tightly on the string case, fRim [
1996]. The following claim was proven fgr= 1 in [Pin 1996]:

CLAIM 6. For amonoid satisfying-u-f-s'-e-v-f=e-v-f-s -e-u- f wehaveu' = u'* holds
for some iff

(e-x-ey-e)=(c-z-e-y-e)-(c-x-e)!  (irq)

holds for some: (where, againg, f range over idempotents andy, u, v, s’ range over monoid ele-
ments).
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PROOF The proof of the claim is a simple generalization of the angat forg = 1 in [Pin 1996]. In one
direction, we assumg«, ¢), and prove-periodicity by choosing such that for alk, u* is idempotent,
and substituting: = u, y = e = u*. This yields the identity,(4w+1)r = ¢ (4wt1)ry (2wt which implies
uvtr = @ Tr1Ta ysing idempotence af“. Sinceu was arbitrary, this shows thatperiodicity holds with
Il = w + k. In the other direction, we assumgeperiodicity and prove{l, q). We use the observation,
proved in [Pin 1996], that our additional hypothesis on thanoid implies that for any idempoteatand
any monoid elements, y we have

exeye = eyexe (k%)

From (**) and idempotence af we can derivéexeye)! (exe)? = (exe)!T(eye)!, by repeatedly apply-
ing (x*) to rewrite occurrences efjexe to exeye, and collapsing? into e.

Now usingg-periodicity we haveexe) T9(eye)! = (exe)!(eye)!, and using (**) and idempotence of
we have(eze)! (eye)! = (exeye)l. Thus(exeye)!(exe)? = (exeye)! as required foy-periodicity. O

One can decide whethéfx, ¢) holds using a patter#? obtained fromP by addingg — 1 additional
nodes, which withys form a chain of lengtly, with edges from one element of the chain to the next labeled
with z. Each element of the chain has a self-loop labeled witlssociated with it, and the last element in
the chain is constrained to be distinct frgm The notion of a graph formed from an automaton which is
to be matched against patte is the same as the notion féYin the FO case for ranked trees.

8.2 Unranked trees and modulo counting

In the unranked case, the main difference is that,F{p) is no longer included in MSO but in CMSO.
From Courcelle [Courcelle 1990] we know that the followiragrfily of automata has exactly the same
expressive power as CMSO. The automaton is defined as fonkeuldrees, but each transition, in addition
to counting the number of states, up to some threshaldeached for its children nodes, also counts
their occurrences modulo some constaniVe call themmodulog counting automataA language that
is defined by a modulg counting automaton for somg or equivalently definable in CMSO, is called
extended-regular

As in the unranked FO case, the difficulty is that the numbesahorphism types of trees of depth
is no longer finite, so we need to reason via approximation.e¥tend the notion of-* to ~7 in the
obvious way by requiring that we count the, k& — 1)-types of the children of a node modulevhen above
thresholdn. We refer to those ag;, n, k)-types. The notion of similarity and guards are then extdrate
expected.

Again, the heart of the proof is the following intermediatsult:

THEOREM 12. Let L be ag-periodic extended-regular tree language.
ThenL is definable in FO iff there exists k such thatl is closed unde(q, n, k)-guarded swaps.

PrROOF (sketch) The proof is a combination of the ideas in the poddfheorem 10 and Theorem 3.
We only give an overview here. That the conditions are necgss proved as in Theorem 10. We now
fix ¢,n, k and an extended-regular tree langudgerhich is g-periodic (with{ for the number from the
periodicity condition) and closed undgr, n, k)-swaps. We fix an automatohrecognizingL andm very
big relative to| A|, in particular above the threshold for whighcan count number of types exactly. Again
we can assume is abovem.

The next result follows from the fact thég, n, k)-types can be expressed in Q)

LeEmMA 18. Forall numberd and all numbers’, there existd(,; such that zfd timpliess :Z,j"/”““ t
ands,t (n’, q, k + 1)-similar.

With the obvious intended meaning for the notatbOﬁg”’k“ t, and using the same tools as in Lemma
6 we have:

LEMMA 19. For each numbef and eachy’ > n there exists a numbel such that ifs =2"**+1 ¢
then there existg such thats gg;"/”““ t',andt, t’ (n',q, k + 1)-similar, andt’ € Liff ¢t € L.

PrROOF. The proof follows the structure of Lemma 6. Séfen, k)-types are those that occur at ledst
times int.
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We again have two cases to consider. In the first case, evegine has at small (below/;, as defined
in Lemma 6) number of children which have a descendant of type this case, we can construct a long
7-skeleton int. Just as in that proof, by having sections of the skeletagelanough, we can guarantee a
portion can be pumped without changing the run of the automatdding unsafe types, or changing the
existing type structure. By pumping a multiple @times, we will preserve the modulpclass of every
type, so the resulting tree {8/, ¢, k + 1)-similar tot.

In the second case, there is some nedtet that has a large number of children which have a descendant
of typer. Then can find a large (abowe) number of children with a descendant of typehich are safe
and where the automatofh reaches the same state. It is now possible to duplicate atieafubtrees of
these children without affecting membershiplinchanging the type af, or adding unsafe types. So in
particular we can add a large multiple @topies of some child, resulting in a tree that4g, ¢, k + 1)-
similartot. O

Pseudo-inclusion is defined as in the unranked case fomofidgr logic. We have the obvious extension
of the pseudo-inclusion lemma:

LEMMA 20. Foralld’, n’ there exists such that ifs g?,}"’k“ t ands, t (n, g, k+1)-similar then there
existst’ such that is (¢, n’, k + 1)-pseudo-included itt, ¢’ =% ALy andt! € Liff t € L.

PrROOF The proof follows the argument in Lemma 7. In that proof wasidered several cases. In
most of these cases, no pumping is necessary and thus orpisiganoves are used to get the desired
result. As swapping does not affect the numbefh, & + 1)-types at all (and hence does not effect their
counts modulo any number), these cases also work here. Whedea: of (¢, n, k + 1)-typer needs to
be expanded, we did so by adding a large number of copies afubhieee of a given child af. Using
the same argument in that proof, we see that a child existhiizamany siblings for which the automaton
reaches the same state and such that the subtree of theahitahly safe types (that is all types have above
d' occurrences). We choose such a child and then add a largl@oltq copies of the child. [

For an abstract contekt and tree, U <, ,, k+1 t means thatq, n, k+1)-types ofU occur strictly more
frequently int. The notion of inclusion and thinness is extended in the@lwivay to(q, n, k + 1)-types.

LEMMA 21. LetU be an abstract context. If <, ,, x+1 t and each node € U is (¢, n, k + 1)-thin,
then there existg such thatU is (¢, n, k + 1)-included int/, ¢ =%+ t and,t’ € Liff t € L.

PrROOF With the extension of the definitions in place, this follofssm the same argument as in the
unranked case for FO. Note that only swapping moves weréeapipl the proof of Lemma 8, so the exact
number of each type (in particular, the number modutdf-types) is preserved.[]

Similarly, we have the version for forests, which againdals by the same set of swapping moves as in
the FO case for unranked trees:

LEMMA 22. LetU be aforest. If{U <, x+1 t @and each node € U is (¢, n, k + 1)-thin, then there
existst’ such thatU is (g, n, k + 1)-included int’, ¢’ ="**1 tandt € Liff t € L.

Proof of Theorem 14 for unranked trees (sketch). As usual we set all the numbers to be big enough in
order to be able to apply all the previous lemmas. Starting two treess andt such thats sz t, we
end up with two trees andt¢” such thats is (¢, n, k + 1)-pseudo-included in”, t” € L iff ¢ € [, and
t" =41 5 We wish to show that € L iff ¢ € L.

By constructiont” is h(s) plusloopsinserted between nodes bfs) and extrabranchesranching off
the h-pseudo-tree. As before, eahn, k + 1)-type which occurs outside &f(s) must occur strictly more
often withint” than ins and therefore must appear at ledstimes ins (and int”’). Furthermore for each
(¢,n, k + 1)-typer the total number of occurrencesobutside ofi(s), including both the branches and
the loops, is zero modulgp Let VI be the forest of loops occurring iff outside ofi(s) andV'b the forest
of branches occurring iti’ outside ofh(s).

As in the FO unranked case, we reduce the sizZ€ladindV b without affecting either membership in
or the cardinality modulg of each type. We can further assume that all typeg@re, k + 1)-thin. Let
Vi --- Vi, be the set of loops iti"\h(s) andVb; - - - Vbg be the set of extra branchestif\h(s). From
the remark above we have € 7, ,, +1. |V |- = 0 modulog.
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The main difference from the ranked case lies in the follghgmma, replacing Lemma 19. Its proof
will be obtained by induction oflr using the same ideas as in Lemma 19.

LEMMA 23. There exista/ abstract loop#/l; ... Ul and’ branched/b; ... Ubg such that ifU!
is the multiset of(¢, n, k + 1)-types occurring in all of thé/l; andUb is the same for th&b;, then we
havevr € 7, nk41,q - (|Ull+ + [Ub|7) = |Vb.

PROOF. The functionsy andap are defined as in the ranked case for,EQ py. The functions; (v)
is defined as the minimum number of nodes of typthat r requires — note that this is the same as the
number of nodes of type that will occur in a thin realization of. v is . — 8 as in the ranked case.

Again, let B be the multiset of allk + 1)-types occurring inV’l or Vb, and letB’ be the multiset
resulting from dividing all multiplicities inB by ¢q. One significant difference is that nows (v) > 0 for
manyv € 7y, since each branch will have the type of its root contritmitma: more often then t@ within
that branch. Our goal is to construct abstract loops andchessuch that the multiset formed with their
(k + 1)-types is exactlyB’.

LetC(v) = vp:(v) foreachv € 7;,. Assume we have already constructed@bstractloop&i; ... Ul,,,
andn; branched/b; ...Ub,,, along with an abstragtcontextX (possibly empty) which we hope to ex-
tend into either an abstract loop or branch. L&tmp be be the multiset ofk + 1)-types assigned to
non-portnodes of), ., Ul UU, <,<,,, Ubi, and letPart be the multiset ofk + 1)-types assigned to
non-port nodes oK . Let B; be the union (as a multiset) 6fomp andPart, andBy = B’ — B;. We will
assume inductively thdB, is a sub-multiset of the types i, and also thaticomp (v) is at mostC(v) for
eachv € 7. This second condition is equivalent to demanding that¥eryk-typev, v occurs as the root
of some completed branch b, . .. Ub,,, no more often thad'(v). Note that this condition will ensure
thatyp,upart(v) > 0 for eachv € 7.

If X is empty andB; = B’ then we are done. IX is an abstract loop an®; # B’, then we set
Ulm,+1 = X and continue. IfX is empty andB; # B’, then we proceed as in the ranked case: set
X by choosing an arbitrary type occurring with positive nulltiity in Bz, and give it the ports that the
type requires as children. Since we do not chafige:p, we do not violate the second inductive invariant
above.

SupposeX is hot empty, is not an abstract loop, and has at least onelpdfthas a single port whose
k-type v does not match the inducédtype of the root, thenp,,.(v) < 0. Sinceyp,upart(v) > 0 by
the inductive invariant, we knowsg, () > 0, which allows us to proceed as in the ranked case, choosing
a type fromBs that induces, and expanding( accordingly. The case whepPé has more than one port is
handled similarly.

The last case is wheR is not empty and has no ports. Lebe thek-type induced by thék + 1)-type of
the root ofX. If yoomp(v) < C(v), then we can add asUb,, + 1 and continue. Ifycom,(v) = C(v),
thenX has no ports to expand on, but cannot be added as a new cothiptatech without destroying the
inductive invariant. In this casgp.,tus, (V) = 0, andyp.+(v) = 1, so there is somg + 1)-typer in Bs
that requires at least one child of typeExtendX by adding a new root of type, attaching the formek
as one child and making the remaining required childrenspditie multiplicity ofr in B; is reduced, and
we can continue the inductiond

We can now transform by induction in order to insett copies ofU!; for eachi, and likewise transform
t to removeg copies of eactV/b;. This is done as in the proof of Theorem 10 for loops, and afeén t
unranked case of Theorem 2 for branches, working with grofipeeq. The details are left to the reader.

From Theorem 13 we can now show:

THEOREM 13. Let L be an extended-regular tree language.
ThenL is definable in FO iff it isg-periodic and there existd such that is closed undek-guarded
swaps.

PrROOFE Clearly, itis enough to show that closure undeguarded swaps implies closure un@gm, k)-
guarded swaps for sufficiently large This is proved as in the unranked case without modulo giienti
(Theorem 5). O

A polynomial time algorithm follows for immediately for EQ,; using the same techniques as in Theo-
rem 8.
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