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A. SEMANTICS OF PCTL

We first give the semantics of PCTL for MDPs (since every DTMC can be thought
of as a MDP, this suffices). Assume that we are given a MDP M = (Q, q0, δ, L).
As described in Section 2, given a scheduler S : Q+ → Prob≤1(Q), let ((Q ∪
{⊥})ω, E, µS) be the σ-algebra generated by M and S. Given q ∈ Q and a PCTL
formula ψ, the relation q 
M ψ is defined by induction on ψ in Table I.

q 
M tt always
q 
M ff never

q 
M ¬ψ if q 6
 ψ

q 
M ψ1 ∨ ψ2 if q 
M ψ1 or q 
M ψ2

q 
M ψ1 ∧ ψ2 if q 
M ψ1 and q 
M ψ2

q 
M P⊳(Xψ) if for each scheduler S, µS({π ∈ (Q ∪ {⊥})ω | q 
π,M Xψ}) ⊳ p
q 
M P⊳(ψ1 U ψ2) if for each scheduler S, µS({π ∈ (Q ∪ {⊥})ω | q 
π,M ψ1 U ψ2}) ⊳ p

Where the relations q 
π,M (Xψ) and q 
π,M (ψ1 U ψ2) for π = q0q1 · · · are defined as follows–
q 
π,M (Xψ) if q0 = q, q1 6= ⊥ and q1 
M ψ

q 
π,M (ψ1 U ψ2) if q0 = q and there is a j ≥ 0 such that qi 6= ⊥ for all i ≤ j,
qj 
 ψ2 and qr 
 ψ1 for all r < j.

Table I. Semantics for PCTL for DTMCs

B. EXISTENCE OF CANONICAL SIMULATIONS

Proposition 2.8. Given disjoint MDPs M = (Q, qI , δ, L) and M′ = (Q′, q′I , δ
′, L′),

let R ⊆ (Q+Q′)× (Q+Q′) be a simulation relation on the direct sum of Q and Q′.

Let R1 = R∩ (Q×Q′). Then the relation R0 = relidQ
∪R1 ∪ relidQ′

is a simulation

relation.
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Proof. Clearly R0 is reflexive and transitive. Fix q ∈ Q and q′ ∈ Q′ such that
q R0 q

′. Please note that by definition q R q′. Hence, L(q) = L(q′). It suffices to
show that given µ ∈ δ(q) there is a µ1 ∈ δ′(q′) such that µ �R0

µ1. Since R is a
simulation relation there is a µ′ ∈ δ′(q′) such that µ �R µ′. Fix one such µ′.

Therefore, the result will follow if we can show that µ �R0
µ′ also. In order to

establish this, we need to show that for any R0-closed set Q0 ⊆ Q ∪ Q′, we have
that µ(Q0) ≤ µ′(Q0). Now let Q1 = Q0 ∩ Q and Q2 = Q0 ∩ Q′. We have that
µ(Q0) = µ(Q1) and µ′(Q0) = µ′(Q2). Thus, we need to show that µ(Q1) ≤ µ′(Q2).

Now, consider the set R(Q1) = {qb ∈ Q ∪ Q′ | ∃qa ∈ Q1 s.t. qa R qb}. Now since
R is a preorder, R(Q1) is R-closed and Q1 ⊆ R(Q1). From Q1 ⊆ R(Q1), we can
conclude that µ(Q1) ≤ µ(R(Q1)). Also, since R(Q1) is R-closed and µ �R µ′ we
have that µ(R(Q1)) ≤ µ′(R(Q1)). Hence, we get that µ(Q1) ≤ µ′(R(Q1)). Now,
please note that µ′(R(Q1)) = µ′(R(Q1) ∩ Q′). Hence, the result will follow if we
can show that R(Q1) ∩ Q′ ⊆ Q2.

Pick qb ∈ R(Q1)∩Q′. We have by definition that qb ∈ Q′ and there exists qa ∈ Q1

such that qa R qb. Now, please note that as Q1 ⊆ Q, we get qa R0 qb (by definition
of R0). Also as Q1 ⊆ Q0, we get that qa ∈ Q0. Since Q0 is a R0-closed set, qb ∈ Q0.
As qb ∈ Q′, we get qb ∈ Q2 also. Since qb was an arbitrary element of R(Q1) ∩ Q′,
we can conclude that R(Q1) ∩ Q′ ⊆ Q2.

C. SIMULATIONS AND PCTL

Lemma 2.11. Let M = (Q, qI , δ, L) be a MDP. For any states q, q′ ∈ Q, q � q′

implies that for every liveness formula ψL, if q 
M ψL then q′ 
M ψL and that for

every safety formula ψS, if q′ 
M ψS then q 
M ψS.

Proof. The proof is by induction on the length of the safety and liveness for-
mulas. We discuss the case when ψS is of the form Pr⊳p(ψL1

U ψL2
). Assume that

q′ 
M ψS . We need to show that q 
M ψS .
There are two cases to consider.

— The first case is when q 6
M ψL1
. There are two further possibilities.

(1) q 
M ψL2
. Then (by induction hypothesis), q′ 
M ψL2

also. Since q′ 


Pr⊳p(ψL1
UψL2

), we must have that p is 1 and ⊳ is ≤. Clearly q 
M Pr≤1(ψL1
U

ψL2
) also.

(2) q 6
M ψL2
. Now, if p > 0, then q 
M Pr⊳p(ψL1

U ψL2
) trivially. If p is 0 then

since q′ 
M ψS , it follows that ⊳ must be ≤. Now, q 
M Pr≤0(ψL1
U ψL2

) and
the result follows in this case.

— The second case is when q 
M ψL1
. By induction hypothesis, q′ 
M ψL1

also. Let R ⊆ Q×Q be a simulation relation such that qR q′. Now, let Q0 ⊂ Q be
the set {q0 ∈ Q |q0 
M ψL1

∨ψL2
}. Clearly q, q′ ∈ Q0. Let δ0 be the restriction of δ

on Q0. That is δ0(q0) = {µ|Q0
| µ ∈ δ(q0)} for each q0 ∈ Q0. Pick a new label PψL2

and for each q0 ∈ Q0 let L0(q0) = {PψL2
} if q0 
M ψL2

and ∅ otherwise. Consider
the MDP M0 = (Q0, q, δ0, L0). It is easy to see that for any q0 ∈ Q0, q0 
M ψS iff
q0 
M0

Pr⊳p(3PψL2
).

Let R0 be the restriction of R to Q0, i.e., R0 = R ∩ (Q0 × Q0). We make the
following observations on R0.
(1) qR0q

′.
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(2) R0 is reflexive and transitive (which follows from reflexivity and transitivity of
R).

(3) We claim that if µ �R µ′ then µ|Q0
�R0

µ′|Q0
also. For this claim, it suffices

to show that if A ⊆ Q0 is R0-closed then A must be R-closed also. In order
to demonstrate this, fix a R0-closed set A0. Now, let q1 be any element of Q

such that q1 ∈ R(A0). Then there must be a q0 ∈ Q0 such that q0Rq1. Now,
since q0 ∈ Q0, it must be the case that q0 
 ψL1

or q0 
 ψL2
. In either case, by

induction hypothesis, we get that q1 
 ψL1
or q1 
 ψL2

(since R is a simulation
relation). Therefore q1 ∈ Q0, and hence by definition q0R0q1. Since A0 is R0-
closed set, we get that q1 ∈ A0. Thus, A0 is R-closed set.

(4) Now, let q0 R0 q
′
0. From the above claim and the fact that R is a simulation, it

can be easily shown that for each µ0 ∈ δ0(q0) there is a µ′0 ∈ δ0(q
′
0) such that

µ0 �R0
µ′|Q0

.

(5) Similarly we can show that if q0R0 q
′
0 then if PψL2

∈ L0(q0) then PψL2
∈ L0(q

′
0)

also. Thus the set Q1 = {q0 ∈ Q0 | PψL2
∈ L0(q0)} is R0-closed set.

(6) Since R0 enjoys properties 2, 4 and 5, results of [D’Argenio et al. 2001] imply
that for any q0R0q

′
0, if q′0 
M0

Pr⊳p(3PψL2
) then q0 
M0

Pr⊳p(3PψL2
) also.

The result now follows from observations 1 and 6 above.

D. HARDNESS OF FINDING MINIMAL COUNTEREXAMPLES

Theorem 3.10. Given a MDP M, a safety formula ψS such that M 6
 ψS, and

a number k ≤ 2|M|, deciding whether there is a counterexample (E ,R) of size ≤ k
is NP-complete.

Proof. The problem is in NP because one can guess a counterexample (E ,R)
of size k and check if E violates ψS . The hardness result is achieved by a reduction
from the exact 3-cover problem [Garey and Johnson 1979] which is formally defined
as follows.

Given a set X such that |X| = 3r and a collection C of subsets of X such
that for each C ∈ C, |C| = 3, is there an exact 3-cover for X. In other
words, is there a collection of pairwise disjoint sets B ⊆ C such that
X = ∪B∈BB.

Before, outlining the proof, it is useful to recall what a 3-cover (not necessarily
exact) for X is: the collection B is said to be a 3-cover, if B ⊆ C is a collection (not
necessarily disjoint) such that X = ∪B∈BB.

Note that without loss of generality we can assume that for each x ∈ X there
is a C ∈ C such that x ∈ C (if this is not the case, we can simply answer no in
polynomial time). Note that |B| = r for an exact cover. Also note that X has
an exact 3-cover B ⊆ C iff there is cover B′ ⊆ C such that |B′| ≤ r. (Actually no
collection B′ such that |B′| < r can cover X, so ≤ is mainly a matter of convenience.)

The reduction is as follows. We first construct a MDP M = (Q, qI , δ, L) as
follows. For the set of states, we take Q = X ∪ C ∪ {s, t} where s and t are two
distinct elements not in X ∪ C. The initial state qI is taken to be s. There is one
probabilistic transition out of s, µs, such that µs(x) = 1

3r for each x ∈ X and
µs(q) = 0 for all q ∈ Q \ X. From each x ∈ X, δ(x) = {µx,C | x ∈ C,C ∈ C}

ACM Transactions on Computational Logic, Vol. V, No. N, Month 20YY.
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X = {x1, x2, . . . , x3r}
C = {C1 = {x1, x2, x10}, C2 = {x5, x6, x3r},

. . . , Cp = {x4, x3, x3r}}

s

x1 x2 x3q

C1 C2 Cp

t

1
3q 1

3q

1
3q

1 1
1

1

1 1 1

Fig. 22. A problem instance of exact 3-cover and the constructed MDP

where µx,C assigns probability 1 to C and 0 otherwise. For each C, there is one
probabilistic transition out of C, µC , which assigns probability 1 to t and is 0
otherwise. There is no transition out of t. Finally, for the set of propositions, we
will pick a proposition Pq for each q ∈ Q and Pq will be true only in the state q.
For the safety formula, we take ψS = P<1(tt U Pt). Clearly M violates ψS . The
reduction is shown in Figure 22. The result now follows from the following claim.

Claim: X has an exact 3-cover B ⊂ C iff there is a counterexample (E ,R) for M
and ψS of size ≤ 2(2 + 4r) + 7r + 3r(1 + ⌈log 3r⌉) + 4r.

Proof of the claim:

(⇒) Assume that B ⊆ C is an exact 3-cover of X. We have |B| = r. Consider a
MDP M′ which is the same as M except that its states are {q̄ | q ∈ Q} instead
of Q. Now delete all states C̄ of M′ such that C /∈ B. Let the resulting MDP be
called E and the set of its states be denoted by QE . Note that the G(E) has 2 + 4r
nodes and 7r edges. Furthermore, from the initial state there is a probabilistic
transition which assigns probability 1

3r to each {x̄ | x ∈ X}. It takes 1 + ⌈log 3r⌉
bits to represent 1

3r (1 for the numerator and ⌈log 3r⌉ for the denominator). For
each x̄ such that x ∈ X, there is a probabilistic transition which assigns probability
1 to B̄ where B ∈ B is such that x ∈ B. Finally, from each B ∈ B there is
a probabilistic transition that assigns probability 1 to t̄. The size of the MDP
E is seen to be 2 + 4r + 7r + 3r(1 + ⌈log 3r⌉) + 4r. Now, let R be the relation
{(q̄, q) | q ∈ QE}. Clearly (E ,R) is a counterexample and one can easily check that
|E ,R| = 2(2 + 4r) + 7r + 3r(1 + ⌈log 3r⌉) + 4r.

(⇐) Assume that there is a counterexample (E ,R) of size ≤ 2(2 + 4r) + 7r +
3r(1 + ⌈log 3r⌉) + 4r. Thus we have that E � M, R is a canonical simulation
and E violates ψS . Now note that since every node of M is labeled by a unique
proposition, R is functional. In other words each state q1 of E is related to at most
one state of Q. Observe that since the safety formula ψS is P<1(tt U Pt), there is
a memoryless scheduler S such that ES violates ψS . Let ES = (QE , qE , δE , LE). For
each q1 ∈ QE , let µq1 denote the unique probabilistic transition out of ES .

Note that we have qERs. Consider the set QX = post(qE , µqE ). Since E is simulated
by M; it follows that each element of QX must be labeled by some proposition Px
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for some x ∈ X. Given x ∈ X, if Qx ⊆ QX is the set of states labeled by Px then we
must have qRx for each q ∈ Qx. We also have that µqE (Qx) ≤

1
3r and Qx1

∩Qx2
= ∅

for x1 6= x2. Now note that the probability of reaching Pt from qE is 1 in ES . Hence
it must be the case that µqE (QX) = 1 and thus Qx 6= ∅ for any x ∈ X. Therefore
|QX| ≥ 3r and the total size of the numbers {µqE (q) |µqE (q) > 0, q ∈ QX} is at least
|QX|(1 + ⌈log 3r⌉).

Now given q ∈ Qx consider post(q, µq). Again as the total probability of reaching
Pt is 1 in ES , post(q, µq) cannot be empty. Furthermore, as each q ∈ Qx is simulated
by x, it follows that each element q′ ∈ post(q, µq) must be labeled by a single PB ∈ C
such that x ∈ B. Let QC = ∪q∈QX

post(q, µq). By the above observations it follows
that if we consider the set B = {B ∈ C | PB labels a node in QC} then B covers X.
Also since every state of QC is labeled by a single proposition, we get |QC | ≥ |B|.

We can show by similar arguments that for each q ∈ QC the set post(q, µq) is non-
empty and each node of post(q, µq) must be labeled by Pt. Let Qt = ∪q∈QCpost(q, µq).
We have that |Qt| ≥ 1.

Note that the sets QX, Qt and QC are pairwise disjoint and do not contain qE .
Hence, the labeled underlying graph of E , Gℓ(E), has at least 1 + |QX|+ |QC |+ |Qt|
vertices. It is easy to see that R also contains at least 1 + |QX| + |QC | + |Qt|
elements. Furthermore, it is easy to see that the underlying graph has at least
2|QX| + |QC | edges; and the total size of numbers used as probabilities in E is
at least |QX|(1 + ⌈log(3r)⌉) + |QX| + |QC |. Hence the total size of (E , R) is at least
2(1+|QX|+|QC |+|Qt|)+2|QX|+|QC |+|QX|(1+⌈log(3r)⌉)+|QX|+|QC |. Since |Qt| ≥ 1
and |QX| ≥ 3r; the total size is at least 2(2+3r+|QC |)+6r+|QC |+3r(1+⌈log(3r)⌉)+
3r + |QC |. By hypothesis, the total size is ≤ 2(2 + 4r) + 7r + 3r(1 + ⌈log 3r⌉) + 4r
and we get that |QC | ≤ r. But |QC | ≥ |B| and hence |B| ≤ r. Since B is a cover; it
follows that X must have an exact 3-cover.

Theorem 3.11. Given a MDP M, a safety formula ψS and n = |M|+|ψS | such

that M 6
 ψS. The smallest counterexample for M and ψS cannot be approximated

in polynomial time to within O(2log1−ǫ n) unless NP ⊆ DTIME(npoly log(n)).

Proof. The in-approximability follows from a reduction of the Directed Network
Steiner Problem [Dodis and Khanna 1999]. Directed Network Steiner Problem is
formally defined as follows.

Given a directed graph G and m pairs {si, ti}
m
i=1 of vertices of G, a

sub-graph G′ = (V ′, E′) of G satisfies the Steiner condition if si has
path in G′ to ti for all i. The Directed Network Steiner problem asks
for a sub-graph G′ such that G′ satisfies the Steiner condition and has
the smallest size amongst all subgraphs of G which satisfy the Steiner
condition.

It is shown in [Dodis and Khanna 1999] that the smallest sub-graph cannot be

approximated to withinO(2log1−ǫ(ng)) where ng is the summ+ size (vertices+edges)

of G unless NP ⊆ DTIME(n
poly log(ng)
g ). Also note that since ǫ is arbitrary the

smallest sub-graph cannot be found to within O(2log1−ǫ(ng log(ng))) (changing ng to

ng log(ng) does not make a difference DTIME(n
poly log(ng)
g )).
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We now give the reduction. Given a graph G = (V,E), let |V | = nv, |E| = ne,
ng = ne + nv. Recall, that the Directed Network Steiner problem has m pairs
(si, ti). Let ns be the number of distinct si’s in (si, ti). In other words ns is the
cardinality of the set {si | 1 ≤ i ≤ m}. Clearly ns ≤ ng. Please note that for the
Directed Network Steiner problem we can assume that ng is O(ne).

We construct a DTMC M with set of states V ∪ {s}, where s is a new vertex. s
is the initial state of M and has a probabilistic transition µs such that µs(si) = 1

ng

for each 1 ≤ i ≤ m and µs(v) = 0 if v /∈ {si|1 ≤ i ≤ m}. Every other state v has
a transition µv such that µv(v

′) = 1
ng

if (v, v′) ∈ E; otherwise µv(v
′) = 0. Finally,

we will have as propositions {Pv | v ∈ V ∪ {s}}, where the proposition Pv holds
at exactly the state v. Since it takes O(log(ng)) bits to represent 1

ng
, the size of

DTMC M is easily seen to be nv + 1 + ne + ns + (ne + ns)(O(log(ng))).
Consider the safety formula ψS = ψS1 ∨ ψS2 where ψS1

=
∨m

i=1 P≤0(3(si ∧
(¬P≤0(3ti)))) and ψS2

=
∨ns

i=1 P≤0(X si).
The sum nm = |M| + |ψS | is easily seen to be O(nglog(ng)).

Claim:

(1) If G has a sub-graph G′ = (V ′, E′) with |V ′1 | = n1 and |E′| = n2 such that G′

satisfies Steiner condition then there is a counterexample for M and ψS of size
= 2n1 + 2 + n2 + ns + (n2 + ns)(log(ng)).

(2) If there is a counterexample (E ,R) for M and ψS such that Gℓ(E), the under-
lying labeled graph of E , has n1 + 1 vertices and n2 + ns edges then the graph
G has a sub-graph G′ = (V ′, E′) with |V ′1 | ≤ n1 and |E′| ≤ n2 such that G′

satisfies the Steiner condition. Furthermore, |(E ,R)| ≥ 2n1 + 2 + n2 + ns +
(n2 + ns)(log(ng)).

Proof of the claim:

(1) First assume that G has a sub-graph G′ = (V ′, E′) with n1 vertices and n2

edges such that G′ satisfies the Steiner condition. Consider the DTMC M′

obtained from M by restricting the set of states to V ′ ∪ {s}. Now take an
isomorphic copy of M′ with {v̄|v ∈ V ′} ∪ s̄ as the set of states and call it
E . Clearly, E violates ψS and the relation {(ū, u) | u ∈ V ′ ∪ s} is a canonical
simulation of E by M. Hence (E ,R) is a counterexample and it is easy to see
that |(E ,R)| = 2n1 + 2 + n2 + ns + (n2 + ns)(log(ng)).

(2) Let E = (QE , qE , δE , LE) and Gℓ(E) = (V ′, {E′j}
k
j=1). Note that since each state

of M is labeled by a unique proposition and R is a canonical simulation, R
must be total and functional (totality is a consequence of the fact that we
can remove any nodes of E that are not reachable from qE). In other words
there is a function g : Q → V ∪ {s} such that R = relg. Again the definition of
simulation and the construction of DTMC M gives us that if (q1, q2) ∈ ∪kj=1E

′
j ,

we must have (g(q1), g(q2)) ∈ E ∪ {(s, si) | 1 ≤ i ≤ m} and µ′q1(q2) ≤ 1
ng

for

any probabilistic transition µ′q1 ∈ δE(q1). From the latter observation, we get
that |(E ,R)| ≥ 2n1 + 2 + n2 + ns + (n2 + ns)(log(ng)).
Now, consider the equivalence relation q1 ≡ q2 defined on Q as q1 ≡ q2 iff
g(q1) = g(q2). Let [q] denote the equivalence class of q under ≡. Let G2 =

ACM Transactions on Computational Logic, Vol. V, No. N, Month 20YY.
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{V ′′, E′′} be the graph such that V ′′ is the set of equivalence classes under the
relation ≡ and ([q1], [q2]) ∈ E′′ if (q1, q2) ∈ ∪kj=1E

′. Please observe first that
G2 is isomorphic to a subgraph of (V ∪ {s}, E ∪ {(s, si) | 1 ≤ i ≤ ns}) with the
function h([q]) = g(q) witnessing this graph isomorphism. Please note that by
the fact that M1 violates ψ1, it can be easily shown that there is a path from
[si] to [ti] in G2. Also since M1 violates ψ2, G2 contains edges ([s], [si]) for
each 1 ≤ i ≤ ns. We get by the above observations G must contain a subgraph
G′ = (V ′, E′) with paths from si to ti for all i such that |V ′1 | ≤ n1 and |E′| ≤ n2.
(End proof the claim.)

From the above two observations it easily follows that if G has a Steiner sub-
graph of minimum size nmin1

and M has a counterexample of minimum size nmin2

then
nmin2

nmin1

= O(log(ng)). Now assume that there is a polynomial time algorithm

to compute the minimal counterexample within a factor of O(2log1−ǫ(nm)) then

this algorithm produces a counterexample of size k ≤ O(2log1−ǫ(nm))nmin2
. Thus

the counterexample size is ≤ O(2log1−ǫ(nm))O(log(ng))nmin1
. From the proof of the

part 2 of the above claim it follows that we can extract from the counterexam-
ple in polynomial time a Steiner sub-graph of G of size ≤ O(2log1−ǫ(nm))nmin1

.
Now nm is O(ng log(ng)) and thus we have achieved an approximation within

O(2log1−ǫ(ng log(ng))). The result now follows.

E. CEGAR LOOP CAN BE FASTER THAN DIRECT MODEL CHECKING

Example E.1. Consider the MDP M = (Q, δ, qI , L) where

—The set of states Q has n+ 2 states. We let Q = {qi | 1 ≤ i ≤ n} ∪ {qfail, qdelay}.

—qI = q1.

—δ is defined as follows. For each 1 ≤ i ≤ n, δ(qi) = {µ1
i , µ

2
i } where

(1) µ1
i (qi) = 0, µ1

i (qj) = 1
4(n−1) if j 6= i, µ1

i (qdelay) = 1
4 and µ1

i (qfail) = 1
4 .

(2) µ2
i (qj) = 1

3n for each j, µ2
i (qdelay) = 0 and µ2

i (qfail) = 1
3 .

From state qdelay, there is only one probabilistic transition and this transition
assigns probability 1 to qfail. There is no transition out of state qfail.

—The state qfail is labeled by proposition P . No other state is labeled by proposition
P.

The property we want to check is φ = P≤ 2

3

(3P ).
Our CEGAR algorithm proceeds as follows. The initial equivalence classes are

{qfail} and Q\{qfail}. The initial abstraction M1 has two states– {qfail} and Q\{qfail}.
There are three transitions out of the initial state Q \ {qfail}. The first one assigns
probability 1 to {qfail}, the second one assigns probability 1

2 to Q \ {qfail} and 1
4 to

{qfail} and the third one assigns probability 1
3 to Q \ {qfail} and 1

3 to {qfail}. There
is no transition out of {qfail}. While constructing this abstraction, we have to do
O(n2) additions (for each state qi and each transition out of qi, we have to add n
numbers). Therefore the cost of constructing this abstraction is O(n2).

Now, we check M1 against the property φ, which turns out to be false and
the counterexample generation algorithm gives exactly one counterexample E . The
counterexample E is a DTMC with two states — one corresponding to Q\{qfail} and
the other corresponding to {qfail}. The transition out of Q\{qfail} assigns probability
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1 to {qfail} (there is no transition out of {qfail}). Please note that the constructed
M1 and the counterexample E are independent of n. So the time-complexity of
model checking M1 and generating E is O(1).

Now, we check whether E is a valid counterexample. In this case, it turns out
that counterexample validity checking is also O(n2). This is because we have to
check if the concrete state qi simulates the abstract Q \ {qfail} and for this we have
to check if any of the two transitions out of qi in the concrete MDP M simulates the
transition out of Q \ {qfail} in the counterexample, and for checking each transition
we have to add n numbers. The check immediately gives that each qi is indeed not
simulated by Q \ {qfail} and thus the counterexample is not valid. The refinement
step now splits Q \ {qfail} into two equivalence classes– Qn = {qi | 1 ≤ i ≤ n} and
{qdelay}. So in total, the time-complexity of these two steps is O(n2).

The new abstraction M2 which occurs as a result of this splitting consists of
3 states: Qn, {qdelay} and {qfail}. There are two transitions out of Qn. The first
one assigns probability 1

4 each to Qn, {qdelay} and {qfail}. The second one assigns
probability 1

3 each to Qn and {qfail} and assigns probability 0 to {qdelay}. There is
only one transition out of {qdelay} which assigns probability 1 to {qfail}. There is
no transition out of qfail. The construction of this new abstraction also takes O(n2)
time.

Now M2 satisfies φ and the CEGAR algorithm ends by saying that the property
φ is satisfied. Please note again that model checking M2 is independent of n.

Therefore, the whole CEGAR algorithm takes O(n2) time.
On the other hand, were we to do the model checking by value iteration [Rutten

et al. 2004], each step of value iteration involves O(n2) multiplications and O(n2)
additions. Furthermore, strictly speaking, the value iteration will never terminate
(since the convergence to 2

3 is in the limit). In practice, we stop the value iteration
assuming some predefined machine error. In that case, the number of value iteration
steps depend on this predefined machine error and indeed can be very large.

Remark E.2. Please note that we have used a MDP in the above example. One
can also give examples in which model checking DTMCs for safety properties is
also going to be faster using our approach. For example, consider the DTMC M′

which is the same as M in Example E.1 except that δ(qi) consists of only one
transition, namely µ1

i . Now, an analysis similar to the one given in Example E.1
will demonstrate that model checking M′ against the property φ = P≤ 2

3

(3P ) is
going to be faster than model checking by value iteration.
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