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Bounded treewidth and Monadic Second Order (MSO) logic have proved to be key concepts in
establishing fixed-parameter tractability results. Indeed, by Courcelle’s Theorem we know: Any
property of finite structures, which is expressible by an MSO sentence, can be decided in linear time
(data complexity) if the structures have bounded treewidth. In principle, Courcelle’s Theorem can
be applied directly to construct concrete algorithms by transforming the MSO evaluation problem
into a tree language recognition problem. The latter can then be solved via a finite tree automaton
(FTA). However, this approach has turned out to be problematical, since even relatively simple
MSO formulae may lead to a “state explosion” of the FTA.

In this work we propose monadic datalog (i.e., datalog where all intentional predicate symbols
are unary) as an alternative method to tackle this class of fixed-parameter tractable problems. We
show that if some property of finite structures is expressible in MSO then this property can also
be expressed by means of a monadic datalog program over the decomposed structure: we mean
by this that the original structure is augmented with new elements and new relations that encode
one of its tree decompositions. In the first place, we thus compare the expressive power of two
query languages. However, we also show that the resulting fragment of datalog can be evaluated in
linear time (both w.r.t. the program size and w.r.t. the data size). Hence, our transformation of an
MSO query into a monadic datalog program yields an alternative proof of Courcelle’s Theorem. In
order to actually construct efficient algorithms for problems whose tractability is due to Courcelle’s
Theorem, we propose to use a fragment of full (i.e., not necessarily monadic) datalog which allows
for a succinct representation of the corresponding monadic datalog programs and for an efficient
execution. This new approach is put to work by devising datalog programs for the 3-Colorability
problem of graphs and for the PRIMALITY problem of relational schemas (i.e., testing if some
attribute in a relational schema is part of a key). We also report on experimental results with a
prototype implementation.
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1. INTRODUCTION

Over the past decade, parameterized complexity has evassad important subdiscipline
in the field of computational complexity, see [Downey anddves 1999; Flum and Grohe
2006]. In particular, it has been shown that many hard probleecome tractable if some
problem parameter is fixed or bounded by a constant. In theaaségraphs and, more
generally, of finite structures, the treewidth is one suctapeter which has served as
the key to many fixed-parameter tractability (FPT) resulitee most prominent method
for establishing the FPT in case of bounded treewidth is var€elle’s Theorem, see
[Courcelle 1990a; 1990b]: Any property of finite structyredich is expressible by a
Monadic Second Order (MSO) sentence, can be decided irrliima (data complexity)
if the treewidth of the structures is bounded by a fixed cartsta

Recipes as to how one can devise concrete algorithms bas€dunelle’s Theorem
can be found in the literature, see [Flum et al. 2002], whédbeised upon earlier work like
[Arnborg et al. 1991]. The idea is to first translate the MS@leation problem over finite
structures into an equivalent MSO evaluation problem oweted, colored binary trees.
This problem can then be solved via the correspondence betM&O over terms and
finite tree automata (FTA), see [Thatcher and Wright 1968n&d 970; Thomas 1997]
(note that labeled, rooted trees of bounded degree can beaseerms). In theory, this
generic method of turning an MSO description into a concadgerithm looks very ap-
pealing. However, in practice, it has turned out that evéatively simple MSO formulae
may lead to a “state explosion” of the FTA, see [Frick and @r@b04; Maryns 2006].
Consequently, it was already stated in [Grohe 1999] thaslhperithms derived via Cour-
celle’s Theorem are “useless for practical applicationdie main benefit of Courcelle’s
Theorem is that it provides “a simple way to recognize a priypas being linear time
computable”. In other words, proving the FPT of some prolbgrshowing that itis MSO
expressible is the starting point (rather than the end pointhe search for an efficient
algorithm.

In this work we investigate the potential of monadic datdliog), datalog where all in-
tensional predicate symbols are unary) for devising efiicéégorithms in situations where
the FPT has been shown via Courcelle’s Theorem. Above alpraree that if some prop-
erty of finite structures is expressible in MSO then this grdpcan also be expressed by
means of a monadic datalog program overdbeomposed structurgre mean by this that
the original structure is augmented with new elements amdre&tions that encode one
of its tree decompositions. Hence, in the first place, we @amexpressivity resultather
than a mere complexity result. However, we also show thatekelting fragment of dat-
alog can be evaluated in linear time (both w.r.t. the progsaa and w.r.t. the data size).
We thus get the correspondingmplexity resulfi.e., Courcelle’s Theorem) as a corollary
of this MSO-to-datalog transformation.
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Monadic Datalog over Finite Structures of Bounded Treewidth ' 3

Our MSO-to-datalog transformation for finite structuredotinded treewidth general-
izes a result from [Gottlob and Koch 2004] where it was shokat MSO on trees has
the same expressive power as monadic datalog on trees. idotdé connection between
logic programming (with functions) and tree automata hessaaly been studied much ear-
lier, see e.g. [Marque-Pucheu 1983; Filé 1985]. Seversiamtes had to be overcome to
prove our generalization:

—First of all, we no longer have to deal with a single universamely the universe of
trees whose domain consists of the tree nodes. Instead, wénawve to deal with —
and constantly switch between — two universes, namely thdoral structure (with its
own signature and its own domain) on the one hand, and thelae@mposition (with
appropriate predicates expressing the tree structure @hdhe tree nodes as a separate
domain) on the other hand.

—Of course, not only the MSO-to-datalog transformatioalftead to be lifted to the case
of two universes. Also important prerequisites of the rssal[Gottlob and Koch 2004]
(notably several results on MSO-equivalences of tree ttres shown in [Neven and
Schwentick 2002]) had to be extended to this new situation.

—Apart from switching between the two universes, it is ulitely necessary to integrate
both universes into the monadic datalog program. For thipgae, both the signature
and the domain of the finite structure have to be appropyiatdended.

—It has turned out that previous notions of standard or nbfarans of tree decompo-
sitions (see [Downey and Fellows 1999; Flum et al. 2002]) rawe suitable for our
purposes. We therefore have to introduce a modified verdidnovmalized tree de-
compositions”, which is then further refined as we presemtalgorithms based on the
monadic datalog approach.

In the second part of this paper, we show how the monadicataggdproach can be used
to devise efficient algorithms. To this end, we use a fragroéfull (i.e., not necessarily
monadic) datalog which allows for a succinct represemtaiidhe corresponding monadic
datalog programs and for an efficient execution. We put thiis@ach to work by present-
ing datalog programs for the 3-Colorability problem of draand for the PRIMALITY
problem of relational schemas (i.e., testing if some attehn a relational schema is part
of a key). Both problems are well-known to be intractable (&eeri and Bernstein 1979;
Mannila and Raiha; 1992] for PRIMALITY). It is folklore #t the 3-Colorability prob-
lem can be expressed by an MSO sentence. In [Gottlob et a6k20id was shown that
PRIMALITY is MSO expressible. Hence, in case of boundedwidéh, both problems
become tractable. However, two attempts to tackle thedelgnts via the standard MSO-
to-FTA approach turned out to be very problematical: We expented with a prototype
implementation using MONA (see [Klarlund et al. 2002]) foetMSO model checking,
but we ended up with “out-of-memory” errors already for heamall input data (see Sec-
tion 6). Alternatively, we made an attempt to directly impkent the MSO-to-FTA map-
ping proposed in [Flum et al. 2002]. However, the “state egjgn” of the resulting FTA —
which tends to occur already for comparatively simple folaey(cf. [Maryns 2006]) — led
to failure yet before we were able to feed any input data tgtbgram.

In contrast, the experimental results with our new datafgg@ach look very promising,
see Section 6. By the experience gained with these expetsirtbe following advantages
of datalog compared with MSO became apparent:
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—Level of declarativity. MSO as a logic has the highest l@faleclarativity which often
allows one very elegant and succinct problem specificatibltsvever, MSO does not
have an operational semantics. In order to turn an MSO spetiifi into an algorithm,
the standard approach is to transform the MSO evaluatidolgmointo a tree language
recognition problem. But the FTA clearly has a much loweelexf declarativity and
the intuition of the original problem is usually lost when BMA is constructed. In
contrast, the datalog program with its declarative styterofeflects both thimtuition of
the original problem and of the algorithmic solutiomhis intuition can be exploited for
defining heuristics which lead to problem-specific optirtitzas.

—General optimizations. A lot of research has been devatggherally applicable (i.e.,
not problem-specific) optimization techniques of datalsge(e.g. [Ceri et al. 1990]).
In our implementation (see Section 6), we make heavy useesktioptimization tech-
niques, which are not available in the MSO-to-FTA approach.

—Flexibility. The generic transformation of MSO formulaerhonadic datalog programs
(given in Section 4) inevitably leads to programs of expdiatsize w.r.t. the size of
the MSO-formula and the treewidth. However, as our progrizn8-Colorability and
PRIMALITY demonstrate, many relevant properties can beresged by really short
programs if we allow non-monadic datalog. Moreover, as wi seie in Section 5,
also datalog provides us withcartain level of succinctnesn fact, we will be able to
express a big monadic datalog program by a small non-mompadgram, whose size
can be even further reduced by allowing set operations idat@&og programs.

—Required transformations. The problem of a “state explusieported in [Maryns 2006]
already refers to the transformation of (relatively simpsO formulaeon treesto an
FTA. If we consider MSQon structures of bounded treewidthe situation gets even
worse, since the original (possibly simple) MSO formularavéinite structure first has
to be transformed into an equivalent MSO formula over trééss transformation (e.g.,
by the algorithm in [Flum et al. 2002]) leads to a much more ptaxformula (in gene-
ral, even with additional quantifier alternations) than diginal formula. In contrast,
our approach works with monadic datalog programs on finitecgires which need no
further transformation. Each program can be executed asiiti

—Extending the programming language. One more aspect dfekibility of datalog is
the possibility to define new built-in predicates, which esg an efficient implemen-
tation in some other programming language (typically in mpérative language) via
a logical predicate. This is a standard technique used blpdrystems (which typ-
ically provide built-in predicates for type testing, termification, term comparison,
arithmetic, input/output, etc.) and it is also applicaldelatalog. For instance, divhex
[Eiter et al. 2005; 2006] allows the user to plug in prograndoles written in an imper-
ative programming language into a datalog program thateseed by the dlv system
[Leone et al. 2006]. Another example of a useful languageresion is the introduc-
tion of generalized quantifiers, which allow us to moduladyl features which are only
expressible in higher-order logic. For instance, Hartigugifiers (by which we can ex-
press equicardinality) can thus be represented. Likewisekin quantifiers [Herre et al.
1991], which have interesting applications to linguisf8ker 1997], fall into this cate-
gory. For the theoretical background of generalized qtiargj see [Eiter et al. 1997a;
1997b; Gottlob 1997].

Some applications require a fast execution which cannatydvwe guaranteed by an inter-
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preter. Hence, while we propose a logic programming apjraate can of course go one
step further and implement our algorithms directly in J&a+, etc. following the same
paradigm.

The paper is organized as follows. After recalling somedastions and results in
Section 2, we present several results on the MSO-equivaleinsubstructures induced by
subtrees of a tree decomposition in Section 3. In Sectionigtlshown that any MSO for-
mula with one free individual variable over structures ofibded treewidth can be trans-
formed into an equivalent monadic datalog program. In 8ach, we put the monadic
datalog approach to work by presenting datalog programgh&B-Colorability problem
and for the PRIMALITY problem in case of bounded treewidtihSlection 6, we report on
experimental results with a prototype implementation. Aalosion is given in Section 7.

2. PRELIMINARIES
2.1 Relational Schemas and Primality

We briefly recall some basic notions and results from datbasign theory (for details,
see [Mannila and Raihg; 1992]). In particular, we shaflrdethe PRIMALITY problem,
which will serve as a running example throughout this paper.

A relational schema is denoted éR, F) whereR is the set of attributes, arfd the
set of functional dependencies (FDs, for short) oRer Without loss of generality, we
only consider FDs whose right-hand side consists of a siajidoute. Letf [H with
f:Y - A. We refer toY andA [R aslhs(f) andrhs(f), respectively. The
intended meaning of an FD:Y - A is that, in any valid database instance(Bf, F),
the value of the attributd is uniquely determined by the value of the attribute¥ inlt
is convenient to denote a spA;, Ao, ..., A, } of attributes as a string;As ... A,,. For
instance, we writdf: ab — c rather tharf: {a,b} - c.

For anyX [CR] we write X to denote the closure of, i.e., the set of all attributes
determined byX. An attributeA is contained inX™* if and only if eitherA X or
there exists a “derivation sequence”Affrom X in F of the formX - X {A;} -

X A A - . o X HAL... AL SLA, = Aand for everyi [{1,...,n},
there exists an F; [CElwith Ihs(f) X1 LA, ..., A;_1}andrhs(f) = A,.

If XT = R thenX is called asuperkey If X is minimal with this property, theX
is akey An attributeA is calledprimeif it is contained in at least one key R, F).
An efficient algorithm for testing the primality of an attute is crucial in database design
since it is an indispensable prerequisite for testing if lzesta is in third normal form.
However, given a relational schenfR, F) and an attributeA [CR, it is NP-complete
to test if A is prime (cf. [Beeri and Bernstein 1979; Mannila and Raih@92]). Clearly,
such computations are independent of the concrete data@addae once and for all when
designing a relational database. Hence, time efficienagsis tritical than in the case of
actual data access. Nevertheless, the intractability whicecomputational problems is
identified in [Beeri and Bernstein 1979] as a serious obstech good database design.
Recognizing primality is one such problem.

We shall consider two variants of the PRIMALITY problem ingipaper (see Section
5.2 and 5.3, respectively): the decision problem (i.e, y&eelational schem@, F) and
an attributeA [CR, is A prime in (R, F)?) and the enumeration problem (i.e, given a
relational schem@R, F), compute all prime attributes (R, F)).

ACM Transactions on Computational Logic, Vol. V, No. N, Mbr2oYY.



6 : G. Gottlob et al.

Example 2.1 Consider the relational scher(ld, F ) with R = abcdeg andF = {f;:ab -
c,faic - b, f3icd - e, fyide - g,f5:9 - €}. It can be easily checked that there are
two keys for the schemahbd andacd. Thus, the attributes, b, c andd are prime, while
andg are not.

2.2 Finite Structures and Treewidth

All structures and trees considered in this work are assumieefinite. Lett = {Ry,...,Rx}
be a set of predicate symbols.(#nite) structureA overt (at-structure for short) is given
by afinite domainA = dom(A) and relation®R#* [AF, wherea denotes the arity of
R; [T A structure may also be given in the fo, a) where, in addition té, we have
distinguished elements = (ay, . . ., a,) from dom(A). Such distinguished elements are
required for interpreting formulae with free variables.

We write |A| to denote the size of (a “reasonable” encoding of) a strectbollowing
[Flum et al. 2002], a structure can be encoded in the stariRiakd-model by first encoding
the signatura and then encoding the domafnand each realatioR;*. The encoding of
R simply consists in specifying ath-tuples inR;*, wherea denotes the arity oR;.
Hence, for the siz¢Ry'| of R#, we get|R#!| = O(a - card(R#')), wherecard (R#)
dfﬂps trl‘e number of tuplesRy*. In total, the size of a-structureA is O(|t| + |A| +

o IRAD.

ﬁ %ree decompositioim of a T-structureA is defined as a palifT, (A;);c7 CWhereT
is a tree and each; is a subset oA with the following properties: (1) Everg [CA is
contained in somé\;. (2) For everyR; [Tland every tuplda,,...,a,) R, there
exists some node [CTlwith {a;,...,a,} Al (3) Foreverna [CA, the sei{t|a [CA,}
induces a subtree af.

Without loss of generality, we assume that the ffeenderlying a tree decomposition
T = M, (Ay):er ik rooted and has bounded degree. Indeed, considering sooeeof
T as the root has no effect on the above definition of tree deositipns. Moreover, the
restriction to bounded degree can be easily achieved (b&levghall show that, without
loss of generality, we may even restrict ourselvedbittary trees, see Proposition 2.4).
These assumptions on the tfEeplay an important role for the equivalence of MSO and
automata (see Section 2.3). The classical equivalencesbatMSO and automata works
for automata oterms However, since labeled, rooted trees of bounded degreleecamen
as terms, we thus get the equivalence between MSO and aatomizstes

The third condition in the above definition of tree decomposs is usually referred to
as theconnectedness conditiomhe set#; are called thdags(or block9 of T . Thewidth
of a tree decompositiof, (A:):c7 Lk defined asnax{|A;| | t CII} — 1. Thetreewidth
of A is the minimal width of all tree decompositions &f It is denoted as$w (A). Note
that trees and forests are precisely the structures of inlded.

For givenw = 1, it can be decided in linear time if some structure has trédgwat most
w. Moreover, in case of a positive answer, a tree decompasgitievidth w can be com-
puted in linear time, see [Bodlaender 1996]. Strictly spegkthe result in [Bodlaender
1996] refers to tree decompositionsgriiphsrather than arbitrargtructures However,
we can associate a gragh(the so-called primal or Gaifman graph) with every struetur
A by taking the domain elements as the vertices of the graphmedier, two vertices are
adjacentirG if and only if the corresponding domain elements jointly@ca some tuple
in A. It can be easily shown th&thas precisely the same tree decomposition&.as

Unfortunately, it has been shown that the linear time athorifrom [Bodlaender 1996]
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Monadic Datalog over Finite Structures of Bounded Treewidth ' 7

is mainly of theoretical interest and the practical usefahis limited [Koster et al. 2001].
Recently, considerable progress has been made in devglbpuristic-based tree decom-
position algorithms which can handle graphs of moderate with several hundreds of
vertices [Koster et al. 2001; Bodlaender and Koster 2006; den Eijkhof et al. 2007;
Bodlaender and Koster 2008]. Moreover, in some cases, ¢leedigcomposition may be
obtained from the origin of the problem, that may be struedun a “natural way”. For
instance, in [Thorup 1998], it was shown that the tree-wigftthe control-flow graph of
any goto-free C program is at most six. A similar result wasnghfor Java programs in
[Gustedt et al. 2002]. These results opened the ground éoeffitient implementation of
various compiler optimization tasks like the register @ditoon problem.

In this paper, we assume that a relational sché/d) is given as a-structure with
T = {fd, att, Ih, rh}. The intended meaning of these predicates is as folltd($;) means
thatf is an FD andatt (b) means thakt is an attributelh (b, f) (resp.rh(b, )) means thalt
occurs inlhs () (resp. inrhs(f)). The treewidth of R, F) is then defined as the treewidth
of thisT-structure.

Example 2.2 Recall the relational schen{®, F) with R = abcdeg andF = {f;:ab -
c,f:c - b, f3icd - e, fy:de - g,T5:9 - e} from Example 2.1. This schema is repre-
sented as the following-structure witht = {fd, att, Ih, rh}: A = (A, fd4, att4, Ih*, rh*)
with A = R, fd = {f, f,, f5, f,, F}, att2 = {a,b,c, d, e, g}, Ih* = {(a, f1), (b, F1),

(C1 f2)’ (C1 f3)’ (d1 f3)1 (d1 f4)1 (e1 f4)1 (g1 f5)}1 rhA = {(C1 fl)’ (b1 f2)1 (e1 f3)1 (g1 f4)1 (ev f5)
Atree decompositiof of this structure is given in Figure 1. Note that the maxinieg s
of the bags inl is 3. Hence, the tree-width is at madat On the other hand, it is easy to
check that the tree-width af cannot be smaller tha2r In order to see this, we consider
the tuples inh* andrh* as edges of an undirected graph. Then the edges corresgondin

to (b, f1), (c, f2) CIA* and(b, f), (c, 1) Crh* form a cycle in this graph. However, as
we have recalled above, only trees and forests have treetvidthe tree decomposition in
Figure 1 is, therefore, optimal and we hawgF) = tw(A) = 2.

13,d, e
[f3.cd] [fa.de]

L, b, c] [ f4.e4]
[2bc] [fLa | nﬁﬂn

Fig. 1. Tree decompositioft of schemaR, F) in Example 2.1

Remark A relational scheméR, F) defines a hypergragd (R, F) whose vertices are the
attributes inR and whose hyperedges are the sets of attributes jointlyroogun at least
one FD inF. Recall that the incidence graph of a hypergr&pltontains as nodes the
vertices and hyperedges ief. Moreover, two nodes andh (corresponding to a vertex
and a hyperedge in H) are connected in this graph if and only if (in the hypergrelhy
occurs inh. It can be easily verified that the treewidth of the above diesd t-structure
and of the incidence graph of the hypergr#d(R, F) coincide.

ACM Transactions on Computational Logic, Vol. V, No. N, Mbr2oYY.



8 : G. Gottlob et al.

In Section 4, it is convenient to consider the elements irbtgs of a tree decomposition
as ordered. Similarly to the normal form introduced in Tteor6.72 of [Downey and
Fellows 1999], we will use the following form aformalized tree decompositians

Definition 2.3 Let A be a structure with tree decompositidn of widthw. We callT
normalizedf the following conditions are fulfilled:

(1) The bags are considered as tuplesnoft 1 pairwise distinct element&y, . .., a,)
rather than sets.

(2) Everyinternal nodé¢ [Tlhas either 1 or 2 child nodes.

(3) If a nodet with bag(ay, ..., a,) has one child node, then the bag of the child is
either obtained via a permutation @&y, ...,a,) or by replacingay with another
elementa;. We call such a nodé a permutation noder an element replacement
node respectively.

(4) If a nodet has two child nodes then these child nodes have identical &siy In this
case, we calt a branch node

Finally, we also request that the number of nodes of the tedirtear in the number
of domain elements il\. In other words, we forbid “useless permutations”. Several
successive permutations can be fused into a single one.

Proposition 2.4 Let A be a structure with tree decompositidnof widthw. Without loss
of generality, we may assume that the dordgim (A) has at leastv + 1 elements. Then
T can be transformed in linear time into a normalized tree depositionT ’, s.t. T and
T’ have identical width.

PrROOF We can transform an arbitrary tree decomposifiointo a normalized tree
decompositiorT ’ by the following steps (1) - (5). Clearly this transformatiaworks in
linear time and preserves the width.

(1) All bags can be padded to the “full” size wf+ 1 elements by adding elements from
a neighboring bag, e.g.: Letands’ be adjacent nodes and &t havew + 1 elements (in
a tree decomposition of width, at least one such node exists) andAet} = w’ + 1 with
w’ < w. Then|A; \ A4 = (w —w’) and we may simply ad@w — w’) elements from
A, \ A,oito A owithout violating the connectedness condition.

(2) Suppose that some internal nadeask + 2 child nodedty, .. ., ty+2 with k > 0.

It is a standard technique to turn this part of the tree intinary tree by inserting copies
of s into the tree, i.e., we introdude nodess;, ...,s; with A;; = A, s.t. the second
child of s is s1, the second child of; is s,, the second child of, is s3, etc. Moreover,
t; remains the first child o$, while t; becomes the first child af;, t3 becomes the first
child of s,, ..., tx+1 becomes the first child &f,. Finally, t;1 2 becomes the second child
of si.. Clearly, the connectedness condition is preserved bytristruction.

(3) If an internal node has two childrert; andts, s.t. the bags dof, t;, andt; are not
identical, then we simply insert a cogy of s betweers andt; and another copg: of s
betweers andts.

(4) Lets be the parent a8’ and let|/A; \ A;4 = k with k > 1. Then we can obviously
“interpolate”s ands’ by new nodess,...,S,_1, S.t.S;_1 is the new parent of’, s;,_»
is the parent 06;_1, ..., s is the parent o6;. Moreover, the bagé., can be defined in

ACM Transactions on Computational Logic, Vol. V, No. N, Mbr2oYY.



Monadic Datalog over Finite Structures of Bounded Treewidth ' 9

such a way that the bags of any two neighboring nodes diffexattly one element, e.g.
[As N A | = A VA =1,

(5) Let the bags of any two neighboring nodesinds’ differ by one element, i.e.,
[alCA, with a A,-and [@1 CA,owith a’ ILA,. Then we can insert two “interpolation
nodes’t andt’, s.t.A; has the same elementsAgbut witha at position0. Likewise,A;o
has the same elementsAg-but witha’ at position0. [

Example 2.5 The tree decompositioh in Figure 1 is clearly not normalized. In contrast,
the tree decompositioh’ in Figure 2 is normalized in the above sense. Let us ignore the
node identifiers;, ..., si9 for the moment. Note that andT ’ have identical width.

s1o[fl,b,c] [fLb,c |si1

si2[f2,b,c]| [b,fl,c]s13
[aiic] 14

Fig. 2. Normalized tree decompositi@i-bf schemgR, F ) in Example 2.1

When we devise concrete datalog programs for the 3-Colitsgimioblem of graphs and
for the PRIMALITY problem of relational schemas in Sectiaritis preferable to return
to the notion of tree decompositions whose bagssatsof domain elements rather than
tuples. Hence, we may delete permutation nodes from thelge@mposition. Moreover,
it is convenient to split the action @lement replacement nodiestwo steps. Recall that
an element replacement node replaces exactly one elemidet ag of the child node by
a new element. In our algorithms in Section 5, we shall reptheseelement replace-
ment nodeby two new kinds of nodes, named§ement removal nodéahich remove one
domain element from the bag of the child node) aheiment introduction nodgsvhich
introduce one new element). Finally, we drop the conditat &ll bags in a tree decom-
position of widthw must have “full size’'w + 1 (by splitting the element replacement into
element removal and element introduction, this conditionl have required some relax-
ation anyway). In summary, we get the following modified natfiorm, which was also
considered in [Kloks 1994]..

Definition 2.6 Let A be an arbitrary structure with tree decompositidonof widthw. We
call T normalized with set bagéthe following conditions are fulfilled:

(1) The bags are considered as sets of at rkest pairwise distinctelemen{gy, ..., a,}
withk < w.

ACM Transactions on Computational Logic, Vol. V, No. N, Mbr2oYY.



10 : G. Gottlob et al.

s10[fi,b,c] [fl,b,c |sl1
si2[ b,c | [ fLb |si4
si3[ 2, b,c] [ f1__]si15

fl,a | sl6

Fig. 3. Normalized tree decompositions with set bags.

(2) Every internal node¢ [Tlhas either 1 or 2 child nodes.

(3) If a nodet with bag{ay, ..., ax} has one child node, then the bag of the parent is
obtained from the bag of the child either by introducing a red@ment or by remov-
ing one element. We call such a nadan element introduction noder an element
removal noderespectively.

(4) If a nodet has two child nodes then these child nodes have identical &siy In this
case, we calt abranch node

Finally, we again request that the number of nodes of thelieénear in the number of
domain elements iA. In other words, we forbid “useless copies” of bags.

Clearly, every tree decompositidn can be transformed in linear time into a normal-
ized tree decompositioh” with set bags according to Definition 2.6, §.tandT " have
identical width. For instance, recall the tree decomposili’ from Figure 2. A tree
decompositioT ”” compliant with oumormal form with set bagfom Definition 2.6 is
depicted in Figure 3.

2.3 Monadic Second Order Logic

We assume some familiarity with Monadic Second Order loNISQ), see e.g. [Ebbing-
haus and Flum 1999; Libkin 2004]. MSO extends First Ordeicl¢§O) by the use of
set variablequsually denoted by upper case letters), which range otsroéelomain el-
ements. In contrast, thiedividual variables(which are usually denoted by lower case
letters) range over single domain elements. An FO-fornqutaver at-structure has as
atomic formulae either atoms with some predicate symbahfroor equality atoms. An
MSO-formulad over at-structure may additionally have atoms whose predicatdsyin
a monadic predicate variable. For the sake of readabiligydenote such an atom usually
asa [X rather thanX(a). Likewise, we use set operatofsamd [Cwith the obvious
meaning.

Thequantifier deptlof an MSO-formulap is defined as the maximum degree of nesting
of quantifiers (both for individual variables and set valgsd in ¢. In this work, we will
mainly encounter MSO formulae with free individual varie®l A formula$(x) with

ACM Transactions on Computational Logic, Vol. V, No. N, Mbr2oYY.
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exactly one free individual variable is calledinary query More generally, letp(X) with

X = (Xg, - - -, Xy) fOr somew = 0 be an MSO formula with free variables Furthermore,
let A be at-structure an@ = (ay, - . ., a,,) be distinguished domain elements. We write
(A,a) E ¢(x) to denote thath(a) evaluates to true il\. Usually, we refer taA, a)
simply as a “structure” rather than a “structure with digtilshed domain elements”.

Example 2.7 It was shown in [Gottlob et al. 2006b] that primality can beesssed in
MSO. We give a slightly different MSO-formulp(x) here, which is better suited for our
purposes in Section 5, namely

o(x) = (Y)Y [CRIClosed(Y) XJIIY] [Tlosure(Y [X}, R)]with

Closed(Y) = (@)[fd(f) - (MI(rh(b, f) CICYT) C{dh(b, ) CLIITYI)]] and

Closure(Y,Z) =Y [ZI[Closed(Z) [=([ZN[Y [Z CZ [Z1[Closed(Z")].
This formula expresses the following characterizationrohplity: An attributea is prime
if and only if there exists an attribute sét [R] s.t.Y is closed w.r.tF (i.e., YT =),

a IYland(Y [{a})™ = R. In other wordsY [{a} is a superkey buY is not.

Recall thet-structureA from Example 2.2 representing a relational schema. It can be
easily verified thatA, a) F ¢(x) and(A, e) E ¢(x) hold. Clearly, the quantifier depth
of the formulaeClosed(Y ) is 2. As far as the formul&losure(Y, Z) is concerned, we
have to first consider the quantifier depth of the sub-fore¥lal_ZlandY [—Z] which
can be expressed &x[ix [Yl - x [Z], andY [CZILCIX[Ix [CZ CXIITYI], respectively.
Thus the quantifier depth of both sub-formulae is 1. Theggftire quantifier depth of the
formulaClosure(Y, Z) and$(x) is 3 and 4, respectively.

We call two structuregA, a) and (B, b) k-equivalentand write (A, a) =M% (B, b)
if and only if for every MSO-formulap of quantifier depth at most, the equivalence
(A,a) E ¢ = (B,b) E ¢ holds. By definition=¢ is an equivalence relation. For
anyk, the relation=59 has only finitely many equivalence classes. These equivalen
classes are referred to &stypesor simply astypes The E{fso-equivalence between
two structures can be effectively decided. There is a niaaiterization oE=}M50-
equivalence by Ehrenfeucht-Fraissé games: Rieund MSO-gamen two structures
(A, a) and(B, b) is played between two players — the spoiler and the duplicet@ach of
thek rounds, the spoiler can choose between a point move and aoset tf, in thei-th
round, he makespoint movethen he selects some elementi_dbm (A) or some element
d; Cddm(B). The duplicator answers by choosing an elementin the ofgpstsucture. If,
in thei-th round, the spoiler makessat movethen he selects a sef [Cddm (A) or a set
Q; [Cddm(B). The duplicator answers by choosing a set of domain elenirettie oppo-
site structure. Suppose that,krrounds, the domain elemerts, ..., ¢,,, anddy,...,d,,
from dom (A) anddom (B), respectively, were chosen in the point moves. Likewisp; su
pose that the subse®s, ..., P, andQ,...,Q,, of dom(A) anddom(B), respectively,
were chosen in the set moves. Tdglicator winsthis game, if the mapping which maps
eachc; to d; is a partial isomorphism frorfA, a, P1,...,P,) to (B,b,Q1,...,Q,). We
say that the duplicator hasveinning strategyin the k-round MSO-game o0i§A, @) and
(B, b) if he can win the game for any possible moves of the spoiler.

The following relationship k_)etweeﬁ,i‘/fso—equivalence ankl-round MSO-games holds:
Two structuregA, a) and (B, b) are k-equivalent if and only if the duplicator has a win-
ning strategy in th&-round MSO-game oA, a) and (B, b), see [Ebbinghaus and Flum
1999; Libkin 2004].
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The importance of MSO in the context of parameterized coriyleomes from Cour-
celle’s Theorem, which can be phrased as follows:

Theorem 2.8 [Courcelle 1987; 1990a; 19900d]he model checking problem for an MSO
sentence and at-structureA is fixed-parameter linear with parametép|, tw (A)), i.e.,
checking if an MSO-sentendeevaluates to true over a-structure A of treewidthw can
be done in tim®©(f (|, w) CIA]) for some functiorf.

It is important to note that the fixed-parameter linearitgading to the above theorem
does not immediately guarantee practical algorithms dubddiuge “hidden” constants
(which are non-elementary in general). Courcelle’s Theooan be proved in several
ways. The proofs in [Courcelle 1987; 1990b] are based on #ferfman Vaught The-
orem (see also [Makowsky 2004]). Alternative proofs areebasn the relationship be-
tween MSO and finite tree automata (see e.g., [Arnborg et9@11Flum et al. 2002])
or Ehrenfeucht-Fraissé games (as is our proof in Sec)oimdany case, we end up with
constants that are non-elementary w.r.t. some parametiee diISO-formula, namely the
number of quantifier alternations (in the case of the autartfaoretic approach) or the
quantifier depth (in the case of the other two approaches).

2.4 Datalog

We assume some familiarity with datalog, see e.g. [Abitéboal. 1995; Ceri et al. 1990;
Ullman 1989]. Syntactically, a datalog progrdmis a set of function-free, definite Horn
clauses, i.e., each clause consists of a non-empty headmossibly empty body. Clauses
with non-empty body are called rules while those with empigiybare called facts. Pred-
icates occurring only in the body of rules i are called extensional, while predicates
occurring also in the head of some rule are called intensiona

Let A be at-structure with domaid and relation®y', ..., Ry with RA [CAF, where
a denotes the arity dR; [Tl In the context of datalog, it is convenient to think of the
relationsR#* as sets of ground atoms. The set of all such ground atoms ofictste A
is referred to as the extensional database (EDB)ofvhich we shall denote &(A) (or
simply asA, if no confusion is possible). We hai(a) [E{A) if and only ifa [RA.

In order to evaluate a datalog progréhover a structuré\, we consider the atoms #
as additional facts of the program. The result of this eu#dnds the set of those (ground)
facts which are logically implied by the formulla CAl The semantics thus obtained is the
minimal model semantic@\lternatively, datalog has an operational semantics bwirig
the rules of a program aaference ruleswhich allow us to derive a fact that appears in
the head of a rule if all facts appearing in the body of a rulelwa deduced. Non-ground
clauses are replaced by all possible ground instantiabwaesthe active domain (i.e., the
set of domain elements appearindgiriCA). Formally, this operational semantics is defined
in terms of theimmediate consequence operatanich augments a given set of facts by
those facts which can be inferred in one step by applyingutesinP . The set of (ground)
facts obtained as the least fixpoint of the immediate corsmepioperator coincides with
the minimal model oP [A] for details see [Abiteboul et al. 1995; Ceri et al. 1990n#h
1989].
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Example 2.9 Let us consider the following datalog progrém

path(x,y) « arc(x,y).
path(x,y) « path(x,z),arc(z,y).

We assume the structufecontains the the following factgarc(l, 2), arc(2, 3)}.

Here the predicatpath is intensional andrc is extensional. Basically, to evaluate
the progranmP over A, we first conduct the grounding by instantiating the rulesrdie
active domai{1, 2, 3}. We thus get a ground program with rufesth(1, 2) ~ arc(l, 2);
path(2,1) — arc(2,1); path(1,3) ~ arc(l,3);...; path(1,2) — path(l,3),arc(3,2);
etc. Then, by applying the immediate consequence operdttor@spect to the grounded
rules, we obtain the minimal model Bf CAlwhere the following facts are tru¢arc(l, 2),
arc(2, 3), path(1, 2), path(2, 3), path(1, 3)}.

Concerning the complexity of datalog, we are mainly intexesn the combined com-
plexity (i.e., the complexity w.r.t. the size of the progr&mand the size of the dad).
In general, the combined complexity of datalog is EXPTIMEvplete (implicit in [Vardi
1982]). However, there are some fragments which can be a&ealunuch more efficiently.
Below, we give some examples.

(1) Propositional datalod(i.e., all rules are ground) can be evaluated in linear ticoen-
bined complexity), see [Dowling and Gallier 1984; Minoux88J.

(2) Theguarded fragmentf datalog (i.e., every rule contains an extensional atoB
in the body, s.t. all variables occurring imalso occur inB) can be evaluated in time
O(JP| CIA]), see [Gottlob et al. 2002]. This upper bound on the compldritows
easily from the observation that the “guafd”in a ruler admits at mos}A| possible
instantiations that are contained in the extensional ds&f. Since all variables in
r occur inB, also the number of possible ground instantiations (whosky ldoes not
contain an extensional atom outsiédé of every rule is bounded bjA|. The guarded
fragment of first-order logic was introduced in [Andrékaaet1995]. In the context
of logic programming, the guarded fragment was first studigottlob et al. 2002]
and further treated in [Cali et al. 2009a; 2009b].

(3) Monadic datalodi.e., all intensional predicates are unary) is NP-congpledmbined
complexity), see [Gottlob and Koch 2004].

(4) In[Foustoucos and Guessarian 2006], the tractabilispme fragments ahf-datalog
was shown. Inf-datalog extends the usual least fixpoint siogof datalog with
greatest fixpoint. It thus captures some modal logics theat ph important role in
computer-aided verification.

3. INDUCED SUBSTRUCTURES

In this section, we study thietypes of substructures induced by certain subtrees ofa tre
decomposition (see Definitions 3.1 and 3.2). Moreover,dbisvenient to introduce some
additional notation in Definition 3.4 below.

Definition 3.1 LetT be a tree and a node inT. Then we denote th&ubtree rooted at
asT;. Moreover, analogously to [Neven and Schwentick 2002], v W; to denote the
envelope off;. This envelope is obtained by removing alleffromT except for the node
t.
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Likewise, lefT = [, (A;)ser [be a tree decomposition of a structure. Then we define
Tt = D]ta (As)sETt Bnth = D]ta (As)se’ft L]

In other wordst is the root node iff; while, in T,, itis a leaf node. Clearly, the only node
occurring in bothr; andT; is t.

Definition 3.2 Let A be a structure and lef = [, (A;):c7 [be a tree decomposition of
A. Moreover, lets be a node il with bagA; = a = (ao, . ..,a,) and letS be one of
the subtree3, or T, of T .

Then we writel (A, S, s) to denote the structur@A’, a), whereA'’ is the substructure
of A induced by the elements occurring in the bag$ of

Example 3.3 Recall the relational schenfR, F) represented by the structudefrom Ex-
ample 2.2 with (normalized) tree decompositiohin Figure 2. Consider, for instance, the
nodes in T’, as depicted in Figure 4, with bag, = (f3, b, c). Then the induced substruc-
ture 1 (A, T/, s) is the substructure @& which is induced by the elements occurring in the
bags ofT,/, wheread (A, T, s) the substructure of which is induced by the elements
occurring in the bags of .

fl,b,c] [fl,b c |
I I
(2. b.c] [b.flc]

T's

Fig. 4. Induced substructurg-and7.-of the tree decompositio w.r.t. the nodes.

Definition 3.4 Letw = 1 be a natural number and led andB be t-structures for some

signaturet. Moreover, let(ag, .. ., ay) (resp.(bo, ..., b)) be a tuple of pairwise distinct
elements irA (resp.B).
We call(ay, ..., ay) and(bo, . . ., b,,) equivalenand write(ay, . . ., a,) = (bg, ..., by)

if and only if for any predicate symb®& [Tlwith arity a and for all tuples(iy, ..., i,) [
{0,...,w}?, the equivalencR*(a, , . ..,a;,) = RB(b,,,...,b;,) holds.
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We are now ready to generalize results from [Neven and Sciivke2002] (dealing with
trees together with a distinguished node which is eitherdlo¢ or some leaf node) to the
case of structures of bounded treewidth over an arbitrgiyaguret. In the three lemmas
below, letk = 0 andw = 1 be arbitrary natural numbers andtdbe an arbitrary signature.

Lemma 3.5 Let A andB bet-structures, leS (resp.T ) be a normalized tree decompo-
sition of A (resp. ofB) of widthw, and lets (resp.t) be an internal node irs (resp. in
T).
(1) permutation noded.ets’ (resp.t’) be the only child 0§ in' S (resp. oft in T). More-
over, leta, @', b, andb’ denote the bags at the nodes’, t, andt’, respectively.
If 1(A,S;5s") =M59 1(B, T,5t') and there exists a permutation s.t.a = n(a’) and
b=m(b")

thenl (A, S, s) =159 1(B, Ty, 1).
(2) element replacement noddset s’ (resp.t’) be the only child o6 in S (resp. oft in
T). Moreover, leta = (ag,ay, ...,ay), @ = (&),a1,...,8w), b = (bo, b1, ...,by), and
b” = (b, b1, ..., by,) denote the bags at the nodgs’, t, andt’, respectively.
If 1(A, Ss8") =MSO 1(B, T;nt') anda = bthenl (A, S, s) =M9C 1(B, Ty, ).
(3) branch noded.ets; ands; (resp.t; andts) be the children o§ in S (resp. oftin T).

If 1(A, Ss,,51) =M59 1(B, Ty, 1) and 1 (A, Ss,, S2) =M 1(B, T4y, ta)
thenl (A, S, s) =150 1(B, T;, 1).

Lemma 3.6 Let A andB bet-structures, leSS (resp.T ) be a normalized tree decompo-
sition of A (resp. ofB) of widthw, and lets (resp.t) be an internal node irs (resp. in
T).
(1) permutation noded.ets’ (resp.t’) be the only child o§ in S (resp. oft in T). More-
over, leta, @, b, andb’ denote the bags at the nodgs’, t, andt’, respectively.
If 1(A,S,,s) =150 1(B,T,,t) and there exists a permutation s.t. a = n(a’) and
b=m®) _ _
thenl (A, S;ys") =159 1(B, T,5t).
(2) element replacement noddset s’ (resp.t’) be the only child o in S (resp. oft in
T). Moreover, lea = (ag, a1, ..., ay), @ = (a5, a1, ...,8w), b= (0o, b1, ...,by), and
b’ = (b}, b1, ...,bh,) denote the bags at the nodgs’, t, andt’, respectively.
If 1(A, S,,s) =M50 (B, T,,t) anda’ = b’ thenl (A, S,s') =M50 (B, Ty t).
(3) branch noded.ets; ands, (resp.t; andt,) be the children o§ in S (resp. oftin T).
If 1(A, S,,s) =M50 1(B,T,,t) and I (A, S,,,s2) =M50 I(B, Ty, ,) then
| (A, Ssl , Sl) Ei\:JSO | (B, Ttl, tl)
If 1(A,S,,s) =M50 1(B,T,,t) and 1 (A, S,,,s1) =M5C I1(B, Ty, 1;) then
1(A,Ss,,S2) Ei‘f[SO 1 (B, Ty,, t2).

Lemma 3.7 Let A andB beTt-structures, let (resp.T ) be a normalized tree decomposi-
tion of A (resp. ofB) of widthw, and lets (resp.t) be an arbitrary node irs (resp. inT),
whose bag iay, . . ., aw) (resp.(bg, . .., by)).

If 1(A,Ss,8) =M5C 1(B, Ty, t) and I (A, S,,8) =M5C 1(B, Ty, t) then(A, a;) =M5©
(B, b;) for everyi [{D,...,w}.
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Proof Idea of the Lemma3he three lemmas can be proved by Ehrenfeucht-Fraisséggam
(see [Ebbinghaus and Flum 1999; Libkin 2004]). In all casesgextend or combine the
winning strategy of the duplicator on the original pair(E¥wuctures to a winning strategy
on the target structures. Clearly, the elements selectelebiwo players in point moves
define a partial isomorphism on the original pair(s) of suigtires. The connectedness
condition of tree decompositions allows us to conclude thase elements also define a
partial isomorphism on the target substructures. Altérabt these lemmas can be in-
ferred from the proof of Courcelle’s Theorem in [Courcel#00b].

Remark. The three lemmas follow the spirit @omposition theoremike the Feferman
Vaught Theorem (see [Makowsky 2004] for various forms araliaations of this famous
theorem). Lemma 3.5 states that théype of the substructure induced by a subBg®f
the tree decompositio® is fully determined by the type of the structure induced by th
subtree rooted at the child node(s) together with the melatbetween elements in the bag
at nodes. Analogously, Lemma 3.6 deals with tketype of the substructure induced by
a subtreeS,. Finally, Lemma 3.7 states that thetype of the substructures induced by
S andS; fully determines the type of the entire structukeextended by some domain
element from the bag &f

4. MONADIC DATALOG

In this section, we introduce two restricted fragments a&lig, namelynonadic datalog
over structures of bounded treewidth and ¢luasi-guarded fragmemtf datalog. Lett =
{R1,..., Rk} be asetof predicate symbols andiet= 1 denote the treewidth. We define
the following extended signaturg;.

T;q = T [{oot, leaf, child 1, child,, bag}

where the unary predicatest, andleaf as well as the binary predicatesld ; andchild o

are used to represent the treeof the normalized tree decomposition in the obvious way.
For instance, we writehild;(s1, S) to denote thas; is either the first child or the only
child of s. Finally, bag has arityw + 2, wherebag (t, a, . . ., a,,) means that the bag at
nodet is (ag, ..., ay).

Definition 4.1 Let T be a set of predicate symbols and Vet= 1. A monadic datalog
program overt-structures of treewidthv is a set of datalog rules where all extensional
predicates are from;; and all intensional predicates are unary.

Let A be at-structureA and letT = [, (A):cr [be an arbitrary, normalized tree de-
composition ofA of width w. Then we denote by, the 1,4-structure representing
andT as follows: The domain af\;, is the union ofdom (A) and the set of nodes af.

In addition to the reIationR;“ with R; [T] the structureA;y also contains relations for
each predicateoot, leaf , child 1, childs, andbag thus representing the tree decomposition
T. In the sequel, we shall refer #;; as thedecomposed structum as astructure de-
composingA. By [Bodlaender 1996], one can comp(tefrom A in linear time w.r.t. the

size of A. Hence, the size 0.4 (for some reasonable encoding, e.g. the one presented in
[Flum et al. 2002], which we recalled in Section 2.2) is aiseéarly bounded by the size

of A.
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Example 4.2 Recall the relational schen@, F) represented by the structufe from
Example 2.2 with normalized tree decompositiohin Figure 2. The domain ol is the
union ofdom (A) and the set of nod€s., . . ., S22 }. The corresponding4-structureA.,
representing the relational schema together with treerdpositionT ’ is made up by the
following set of ground atomstoot (s;), leaf (s12), leaf (s14), leaf (s19), child(s2, $1),
childx(ss,s1), ..., bag(sy, f3,d,e), .. ..

As we recalled in Section 2.4, the evaluation of monadicldgtes NP-complete (com-
bined complexity). However, the target of our transformatirom MSO to datalog will
be a further restricted fragment of datalog, which we refeas “quasi-guarded”. The
evaluation of this fragment is tractable.

Definition 4.3 Lett be a finite set of predicate symbols andfebe a datalog program
over the extended signaturg; for some treewidthv = 1. Moreover, letr be a rule inP
and letx, y be variables irr.

We say thay is functionally dependent or in one stepif the body ofr contains an
atom of one of the following formshild ; (X, y), child(y, X), child2(X, y), childs(y, X),
orbag(x,ay,...,ax) withy = a; forsomei [{1,...,k}.

We say thay is functionally dependent or if there exists soma = 1 and variables
Zo,...,2Zp in r withzg = x,2z,, = y and, for everyi [{ll,...,n}, z; is functionally
dependent om;_; in one step.

Definition 4.4 Lett be a finite set of predicate symbols andRebe a datalog program
over the extended signaturg; for some treewidttw = 1. We call a datalog program
P overt:y quasi-guarded every ruler in P contains an extensional atoB), s.t. every
variable occurring inr either occurs inB or is functionally dependent on some variable
in B. If this is the case, we caB a quasi-guarafr.

The idea of the above definitions is the following: Suppose tre have a;q-structure
A and a ground instantiation of some rulgs.t. each extensional atom mis indeed
instantiated to some atom . If a variabley is functionally dependent or then the
value ofy is fully determined byx, i.e., for every ground instantiation afthere exists
at most one ground instantiation yf Hence, in a quasi-guarded datalog program, every
rule r has at mos{A| possible ground instantiations s.t. the extensional atofnsare
instantiated to atoms iA — this corresponds to the maximajkx| ground instantiations of
the quasi-guard in the rule

Theorem 4.5 Let P be a quasi-guarded datalog program and &tbe a structure. Then
P can be evaluated ovek in time O(|P| L]A[), where|P | denotes the size of the datalog
program andA| denotes the size of the data.

PROOF Let r be a rule in the prograr® and letB be the “quasi-guard” of, i.e.,
all variables inr either occur inB or are functionally dependent on some variabl&in
Clearly, the semantics &f [CAlis not changed if we replace each rul® P by the set of
all possible ground instancesof r, s.t. the extensional atomsiihare indeed contained in
A. In order to compute all these ground instancesve first instantiatd8. The maximal
number of such instantiations is bounded &Y.
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Now consider the remaining variablesin By assumption, they are all functionally
dependent on the variables . Hence, we can iteratively determine the only possible
value of the variables which are functionally dependentamesvariable irB in i steps
(fori = 1). By the above considerations, all variables out&dadmit at most one ground
instantiation such that the extensional atomg @fre contained iPA. Hence, the num-
ber of all possible ground instantiationsof r is bounded byA| and all these ground
instantiations can be computed in tirdg|A]).

Hence, in total, the ground prografi consisting of all possible ground instantiations
of the rules inP has sizeD(|P| [JA|) and also the computation of these ground rules fits
into the linear time bound. As we recalled in Section 2.4,glmind progran®’ can be
evaluated oveA intime O(|P’| + |A]) = O((|IP| A]) + |A]) = O(IP| OA]). O

Before we state the main result concerningakpressive poweasf monadic datalog over
structures of bounded treewidth, we introduce the follgyiotation. In order to simplify
the exposition below, we assume that all predic&ed Tl have the same arity. First,
this can be easily achieved by copying columns in relatioitis smaller arity. Moreover,
it is easily seen that the results also hold without thisrie&tn.

It is convenient to use the following abbreviations. ket (ay,...,a.) be a tuple of
domain elements. Then we wri®(a) to denote the set of all ground atoms with predicates
inT ={Ry,...,Rx}and argumentsifag,...,a.},i.e.,

B —a 1
R(a) = ce {Ri(ajl, ey ajr)}

i=1 j1=0  jr=0

Let A be a structure with tree decompositibnand lets be a node inT whose bag is
a = (ag,...,a,). Then we write(A,s) as a short-hand for the structu¢d, a) with
distinguished constan&s= (ay, . . ., a.).

Theorem 4.6 Lett andw = 1 be arbitrary but fixed. Every MSO-definable unary query
overt-structures of treewidthv is also computable by a quasi-guarded monadic datalog
program overt,,.

PROOF Let¢(x) be an arbitrary MSO formula with free variabteand quantifier depth
k. We have to construct a monadic datalog progiRnwith distinguished predicaté
which defines the same query.

Without loss of generality, we only consider the case ofcitries whose domain has at
leastw + 1 elements. We maintain two disjoint sets of tok&@sand©', representing
k-types of structure@A, a) of the following form: A has a tree decompositidnof width
w anda is the bag of some nodein T. Moreover, for@', we require thas be the root
of S while, for ©!, we require thas be a leaf node of . In order to ensure tha®'
and©! are indeed disjoint, every token @' (resp. in@!) is of the formdt (resp.dt)
representing some tyg® We maintain for each tokebt (resp.9!) representing a type
9 a witnessw (91) = [A,T,s{resp.W(8i) = [A,T,sl The tokens im@' ando!
will serve as predicate names in the monadic datalog progwdra constructed. Initially,
l=0l=P=101

Below we describe a bottom-up constructioradf and a top-down construction G,
respectively. Note that these constructions do not refer particular term or structure.

ACM Transactions on Computational Logic, Vol. V, No. N, Mbr2oYY.



Monadic Datalog over Finite Structures of Bounded Treewidth ' 19

Instead, the goal of these constructions is to generatesalepresenting the types aff
possible structure@A, a) of the above mentioned form.

1. “Bottom-up” construction ofo’.

BASE CASE. In this step, we construct all possible tygesf structure{A, a) whose tree
decomposition consists of a single node. &gt. . ., a,, be pairwise distinct objects and let
S be a tree decomposition consisting of a single ngdehose bag iA\; = (ay, ..., ay).
Then we consider all possible structu(és s) with this tree decomposition. In particular,
dom(A) = {ag,...,a,}. We get all possible structures with tree decomposi§ony
letting the EDBE (A) be any subset dR(a). For every such structur@, s), we check
if there exists a toker @' with W(81) = [B,T,tlIs.t. (A, s) =M5C (B,t). If
such adt exists, we take it. Otherwise we invent a new toKenadd it to®@' and set
W (D) := [A, S, s[dIn any case, we add the following rule to the progfam

Ot(v) « bag(v,Xo, ..., Xy), leaf (vV), {Ri(X;,,...,%X;.) | Ri(a;,,...,a;) CEXA)},
{—lRi(le, . 'Xjr) I Ri(ajl, . ajr) [DHA)}

INDUCTION STER We construct new structures by extending the tree decatigrasof
existing witnesses in “bottom-up” direction, i.e., by imdilucing a new root node. This root
node may be one of three kinds of nodes.

(a) Permutation nodes. For eaBfi A7, let W(31') = [A,S’,s'[With bagA,o=
(ap,...,a,) at the roots’ in S’. Then we consider all possible tripl&8, S, s whereS

is obtained fronB’ by appending’ to a new root nods, s.t.s is a permutation node, i.e.,
there exists some permutations.t. A; = (ax(o), - - - » Ar(w))

For every such structu@, s), we check if there exists a tokén A with W (91) =
B, T,t0Xs.t.(A,s) =M59 (B, 1). If such adt exists, we take it. Otherwise we invent a
new tokendt, add it to@' and seW (9t) := [A, S, s[In any case, we add the following
rule to the progran®:

(V) « bag(V, Xx(0), - - -+ Xn(w)), Child 1 (V/, V), Bt (V'), bag (V/, Xo, . . . , Xu).

(b) Element replacement nodes. For e@ch CQ', let W (81) = [A/, S, s’ [With bag
Aso= (a),a1,. .., &) atthe roos’ in S’. Then we consider all possible tripl&&, S, sC]
whereS is obtained fromS’ by appending’ to a new root nods, s.t.s is an element
replacement node. For the tree decomposiignwe thus invent some new elememt
and setA, = (ap,as,...,ay). For this tree decompositio®, we consider all possible
structuresA with dom(A) = dom(A’) [{d,} where the EDEE(A’) is extended to the
EDB E(A) by new ground atoms frorRR(a), s.t.ay occurs as argument of all ground
atoms inE(A) \E(A).

For every such structu@, s), we check if there exists a tokén CA' with W (91) =
@B, T,t0Xs.t.(A,s) =M59 (B, 1). If such adt exists, we take it. Otherwise we invent a
new tokendt, add it to@' and seW (9t) := [A, S, s[In any case, we add the following
rule to the progran®:

91 (v) < bag(v,Xo, X1, - ., Xy), child (V/,v), d'(v), bag (V/, X5, X1, - - -, Xu),
{Ri(Xjys -+ X5.) | Ri@yy, - -+, @5,) CEIA)},
{_|R1'(Xj1, R Xjr) | Ri(ajl, A ,ajr) [EEIA)}
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(c) Branch nodes. Lét ,, 91, be two (not necessarily distinct) tokengdn with W (9t,) =
[A, S, s:[E@ndW (STQ) = [A,, Sy, S9 I:]LetAsl = (ao, Ceey aw) andASZ = (bo, Ceey bw),
respectively. We can assume thdam (A;) n dom (A,) = [Hecause we can replace every
witness by a variable disjoint (isomorphic) copy of it.

Let d be a renaming function with = {ag < bg,...,a, < by} By applyingd
to [Ba, So, S lwe obtain a new tripldA), S/, so [ith A, = Asd andS), = Syd. In
particular, we thus hava,d = (ao, . . ., a,). Clearly,(Az, s2) =M5¢ (A}, s2) holds.

For every such paid,, S;, s; [and[A}, S}, so [ Ive check if the EDBs are inconsistent,
i.,e,E(A1)nR(@) 8 E(AL)nR(@). Ifthis is the case, then we ignore this pair. Otherwise,
we construct a new tree decomposit®mwith a new root node, whose child nodes are
S; ands,. As the bag of, we setA; = A;; = A, 0. By construction$ is a normalized
tree decomposition of the structufewith dom(A) = dom(A;) Cddm(A%) and EDB
E(A) = E(A1) LE(A)).

As in the cases above, we have to check if there exists a kdn@' with W (31) =
B, T,tLs.t.(A,s) =M5C (B,1). If such adt exists, we take it. Otherwise we invent a
new tokendt, add it to®" and seW (9t) := [A, S, s[In any case, we add the following
rule to the progrank:

(V) « bag(v,Xo, X1, ..., Xy), Child;(vq, V), 31, (v1), childa(va, v), D15(Va),
bag (V1, X0, X1, - - -y Xy ), DAg (V2, Xo, X1, « - s Xp)-

As a result of this bottom-up construction, the &étis a set of token$t representing all
possible type# of structuregB, t), wheret is the root of a tree decompositidnof B. We
shall come back to this point at the end of the constructidgheflesired datalog program.

2. “Top-down” construction of®!.

Analogously to the “bottom-up” construction &', we construct the s@'! with a “top-
down” intuition. The base case is essentially the same asdsince, in every tree decom-
position with only one nods, this single node is both the root and a leaf. For the induactio
step, we have to select the witnadg{s1") = [A’, S/, s’ [af some already computed token
91 [Al. Now the nodes’ in S’ is a leaf node and we extersd to a new tree decompo-
sition S by appending a new leaf nodeas a child ofs’. For all such tree decompositions
S, we consider all possible structur@sby appropriately extending’. The rules added
to the progranP again reflect the type transitions from the type of the oagstructure
(A, ¢') to the type of any such new structyi, s).

BASE CASE. Letay,...,a, be pairwise distinct elements and Rtbe a tree decom-
position consisting of a single node whose bag iA; = (ag,...,a,). Then we con-
sider all possible structurés\, s) with this tree decomposition. In particula@om (A) =
{ao, - .., a,}- We get all possible structures with tree decomposiiday letting the EDB
E(A) be any subset dR(a). For every such structur@, s), we check if there exists a
tokend. @' with W(91) = B, T,tLk.t.(A,s) =199 (B, 1). If such adl exists, we
take it. Otherwise we invent a new tokén, add it to®! and seW (81) := [A, S, sdIn
any case, we add the following rule to the progiam

19l(V) - bag (V, X0y +nos Xw), root(v), {Ri(le, . Xjr) | Ri(ajl, . ,ajr) EHA)},
{—|R1'(Xj1, R Xjr) | Ri(ajl, A ,ajr) [EEIA)}

INDUCTION STER We construct new structures by extending the tree decatigrasof
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existing witnesses in “top-down” direction, i.e., by inducing a new leaf node and
appending it as new child to a former leaf na&le The nodes’ may thus become one of
three kinds of nodes in a normalized tree decomposition.

(a) Permutation nodes. For eaBli [C@!, letW (&) = [A,S’,s'[With bagA,o=

(ap, ...,a,) at some leaf node’ in S’. Then we consider all possible triplé&, S, s[]
whereS is obtained fron’ by appending as a new child of’, s.t.s’ is a permutation
node, i.e., there exists some permutatios.t. A; = (ar(0), - - - » &r(w))

For every such structu@\, s), we check if there exists a tokén Q! with W (81) =
B, T,t0k.t.(A,s) =M59 (B, 1). If such adi exists, we take it. Otherwise we invent a
new tokend:, add it to@! and seW (81) := [A, S, s[In any case, we add the following
rule to the progrank:

(V) « bag(V,Xx(0), - - -+ X)), Child 1 (v, V'), 81/ (V'), bag (V/, Xo, . . . , Xu).

(b) Element replacement nodes. For e@ch (@', letW (&) = [A’, S, s’ [With bag
Aso= (a),a1,...,a,) atleaf node’ in S’. Then we consider all possible tripl&&, S, sC]
whereS is obtained fromS’ by appendings as new child ofs’, s.t. s’ is an element
replacement node. For the tree decomposignwe thus invent some new elememt
and setA, = (ap,as,...,ay). For this tree decompositio®, we consider all possible
structuresA with dom(A) = dom(A’) [{a,} where the EDEE(A’) is extended to the
EDB E(A) by new ground atoms frorRR(a), s.t.ay occurs as argument of all ground
atoms inE(A) \E(A).

For every such structu@, s), we check if there exists a tokén Q! with W (81) =
B, T,tLXs.t.(A,s) =M59 (B, 1). If such adi exists, we take it. Otherwise we invent a
new tokend:, add it to@' and seW (81) := [A, S, s[In any case, we add the following
rule to the progran®:

9L(v) < bag(v,Xo, X1, - ., Xy), childy (v, V"), &' (v"), bag (V/, X}, X1, - - -, Xu),
{Ri(Xjys- - %) | Ri(@yy, ... a5,) CELA)},
{"RZ‘(le, Cey Xjr) | Ri(ajl, e ,ajr) D]HA)}

(c) Branch nodes. Led [C@' anddt, @' with W (&) = [A, S,sCandW (1,) =
[A,, So, 521 Note thats is a leaf inS while s, is the root ofS;. Now let A, =
(ao,...,ayw) and A;, = (bo,...,by), respectively. We can assume titm(A) n
dom(A;) = [Hecause we can replace every witness by a variable disjearhrphic)
copy of it.

Let 0 be a renaming function with = {ay ~ bg,...,a, < b,}. By applyingd
to [As, S, so [ lwe obtain a new tripldéA), S}, so [vith A, = A20 andS} = Syd. In
particular, we thus havl,,d = (o, . .., a,). Clearly,(As, s2) =159 (AL,'s2) holds.

For every such paifA, S, sCand A}, S}, s, L we check if the EDBs are inconsistent,
i.,e,E(A)nR(a) 8 E(AL) n R(a). Ifthis is the case, then we ignore this pair. Otherwise,
we construct a new tree decomposit®nby introducing a new leaf nods and appending
boths; ands, as child nodes o§. As the bag ofs;, we setA;, = Ay = A0 By
constructionS; is a normalized tree decomposition of the structgewith dom(A) =
dom(A) Cdoem(A%) and EDBE(A;) = E(A) CE(A)).

As in the cases above, we have to check if there exists a fikefi @' with W (81,) =
B, T,tLh.t. (A, s1) =M59 (B, t). If such adi, exists, we take it. Otherwise we invent
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a new tokendl , add it to®' and setw (91,) := [Ay, S1,s:[In any case, we add the
following rule to the progran®:

9, (V1) <« bag(vi, Xo, X1, ..., Xyw), child 1 (v1, V), childa(va, V), 3L (V), O15(Va2),
bag (V, Xo, X1, - - -, Xuw), bag (V2, Xo, X1, - - -, Xup)-

Now suppose th&; is constructed fron$ andS, by attaching the new nodg as second
child of s ands; as the first child. In this case, the structdxe remains exactly the same
as in the case above, since the order of the child nodes ofaindle tree decomposition
is irrelevant. Thus, whenever the above rule is added to tbgramP, then also the
following rule is added:

A (V2) <« bag(va, Xo, X1, ..., Xw), child; (v1, V), childo(va, V), I (V), D15(V1),
bag (v, Xg, X1, - - -, Xw), bag (V1, Xo, X1, - - -, Xou)-

As a result of this top-down construction, the 88tis a set of token$§ representing all

possible type$® of structuregB, t), wheret is a leaf node of some tree decomposition

of B. We shall come back to this point at the end of the constroafdhe desired datalog
program.

3. Element selection.

We consider all pairs of type8t, @' anddi, @' LetW(St,) = [Ay, Sy, s
andW (J1,) = [Bg, Se, so[LIMoreover, letA,, = (ag, ..., ay) andA,, = (by, ..., by),
respectively. We can assume thdatn (A;) n dom (A,) = [hecause we can replace every
witness by a variable disjoint (isomorphic) copy of it.

Let d be a renaming function with = {ag < bg,...,a, < by} By applyingd
to [Bq, S2, s2Llwe obtain a new tripldA), S/, so [ith A, = Azd andS), = Sjd. In
particular, we thus hava,d = (ao, . . ., a,). Clearly,(Az, s2) =M5¢ (A}, s2) holds.

For every such pai&,, S1, s; [@And[A}, S}, s2 [ ve check if the EDBs are inconsistent,
i.,e,E(A1)nR(@) 8 E(AL)nR(@). Ifthis is the case, then we ignore this pair. Otherwise,
we construct a new tree decomposit®y identifyings; (= the root ofS;) with s; (= a
leaf of S). By constructionS is a normalized tree decomposition of the struct@reith
dom(A) = dom(A;) Cddm(A%) andE(A) = E(A;1) CELAY).

Now check for eacln; in A;, = A0, if A | ¢(a;). If this is the case, then we add
the following rule toP.

O(X;) « O (v),9,(v),bag(Vv, Xo, ..., Xuw)-

We claim that the prograf with distinguished monadic predicapes the desired monadic
datalog program, i.e., Ik be an arbitrary input-structure with tree decompositi@and

let A;; denote the correspondirg;-structure. Moreover, led [Cddbm (A). Then the fol-
lowing equivalence holdsA = ¢(a) if and only if ¢(a) is true in the minimal model d? [
Atd-

Note that the intensional predicatesdn, ©!, and{¢} are layered in that we can first
evaluate the predicates®!' over the structuré\,4, then®!, and finally¢.

The bottom-up construction @' guarantees that we indeed construct all possible types
of structureg(B, t) with tree decompositioii and roott. This can be easily shown by
Lemma 3.5 and an induction on the size of the tree decompn3iti On the other hand,
for every subtre&; of S, the type of the induced substructuréA, S, s) is 8 for some
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9t 1A' if and only if the atond1(s) is true in the minimal model & [Al,,. Again this
can be shown by an easy induction argument using Lemma 3.5.

Analogously, we may conclude via Lemma 3.6 tat contains all possible types of
structureg(B, t) with tree decompositiol and some leaf node Moreover, for every
subtreeS, of S, the type of the induced substructdréA, S, s) is 9 for somed A if
and only if the atondi(s) is true in the minimal model d® [Al,;. The definition of the
predicatsp in part 3 is a direct realization of Lemma 3.7. It thus follotvatA = ¢(a) if
and only if¢(a) is true in the minimal model d? [CAl,,.

Finally, an inspection of all datalog rules addedRddy this construction shows that
these rules are indeed quasi-guarded, i.e., they all comtaiatomB with an exten-
sional predicate, s.t. all other variables in this rule amcfionally dependent on the vari-
ables inB. For instance, in the rule added & in case of a branch node, the atom
bag(v, Xq, . . ., Xw) is the quasi-guard. Indeed, the remaining varialkleandv, in this
rule are functionally dependent ervia the atomghild, (v, v) andchild (v, V). O

Above all, Theorem 4.6 is an expressivity result. Howevecan of course be used
to derive also a complexity result. Indeed, we can stateghtb)i extended version of
Courcelle’s Theorem as a corollary (which is in turn a specéae of Theorem 4.12 in
[Flum et al. 2002]).

Corollary 4.7 The evaluation problem of unary MSO-quergx) overt-structuresA of
treewidthw can be solved in tim®(f (|¢(x)|, w) LJA|) for some functiorf.

PROOF Suppose that we are given an MSO-quélx) and some treewidtiv. By
Theorem 4.6, we can construct an equivalent, quasi-guatdtdog progranP. The
whole construction is independent of the data. Hence, the for this construction and
the size ofP are both bounded by some teifr|$(x)|, w). By [Bodlaender 1996], a tree
decompositiom of A and, therefore, also the extended struc#yg can be computed in
time O(JA|). Finally, by Theorem 4.5, the quasi-guarded progRacan be evaluated over
A:q intime O(|P| OAl), from which the desired overall time bound follows.]

As with Courcelle’s Theorem recalled in Section 2.3, thieeér upper bound on the
complexity does not immediately give a feasible algorithm tb huge multiplicative con-
stants. In fact, an algorithm using directly the constarttirom the proof of Theorem
4.6 would end up with a constant of non-elementary sizet(whe quantifier depth of the
formulad). We shall see in Section 5 that it is nonetheless possildertoe up with fea-
sible algorithms (with singly exponential constants fomeoNP-complete problems) by
appropriately adapting the monadic datalog approach fhasrsection.

Note that Theorem 4.6 is, of course, not only applicable taoMigfinablainary queries
but also to0-ary queriesi.e., MSO-queries defining a decision problem. An insmecti
of the proof of Theorem 4.6 reveals that several simplifisaiare possible in this case.
Above all, the whole “top-down” construction &' can be omitted. Moreover, the rules
with head predicaté are now much simpler: Lep be a0-ary MSO-formula and le®'
denote the set of types obtained by the “bottom-up” constraén the above proof. Then
we define(ag = {0 | W) = [A,S,sCandA FE ¢}. Finally, we add the following set
of rules with head predicati to our datalog program:

¢ ~ root(v),d1,(v).
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for everydt, [@). We shall make use of these simplifications in Section 5.15a2dhen
we present new algorithms for two decision problems. Inastf these simplifications are
no longer possible when we consider an enumeration problSadtion 5.3. In particular,
the “top-down” construction will indeed be required then.

5. META-PROGRAMS BASED ON MONADIC DATALOG

We now put our monadic datalog approach to work by constrigateveral new algorithms.
We start off with a simple example, namely the 3-Colorapflitoblem, which will help to
illustrate the basic ideas, see Section 5.1. Our ultimagigdo tackle two more involved
problems, namely the PRIMALITY decision problem and the MRLITY enumeration
problem, see Sections 5.2 and 5.3. All these problems alekwelvn to be intractable.
However, since they are expressible in MSO over appropsiatetures, they are fixed-
parameter tractable w.r.t. the treewidth. In this sectie@mshow that these problems admit
succinct and efficient solutions via datalog.

Recall from Section 2.2 that we now consider tree decomipasiin the normal form
according to Definition 2.6. Hence, bags are consideredtagrsgher than tuples) and,
apart from the leaf nodes, we distinguish 3 kinds of intemades, namelglement re-
moval nodegwhich remove one domain element from the bag of the chilleh@lement
introduction nodegwhich introduce one new element) aménch nodegwhich have two
child nodes — each with identical bag as the parent).

5.1 The 3-Colorability Problem

Suppose that a grapglv, E) with verticesV and edge& is given as a-structure with

T = {e}, i.e.,e is the binary edge relation. This graph is 3-colorable if anty if there
exists a partition o¥/ into three set®R, G, B, s.t. no two adjacent vertices, v, [V are

in the same seR, G, or B. This criterion can be easily expressed by an MSO-sentence,
namely

¢ [RILGIBIP artition(R, G, B) ¥l [vd[e(vy, V2) —

(=R(v1) [=R(v2)) LEHG(v1) [=6(v2)) LEB(vi) [=B(v2))
with
Partition(R,G,B) = MIR(v) CG(v) [BI(v)] 1
(~R(v) [=6(v)) LER(V) [=B(v)) LEHG(v) [=B(V))].

Suppose that a gragv, E) together with a tree decompositi@nof width w is given
as at;4-structure witht,;, = {e, root, leaf , child, child,, bag}. In Figure 5, we describe
a datalog program which takes such;gstructure as input and decides if the graph thus
represented is 3-colorable.

Some words on the notation used in this program are in orderai/ using lower case
letterss andv (possibly with subscripts) as datalog variables for a gingide inT and
for a single vertex irV , respectively. In contrast, upper case lett&rsR, G, andB are
used as datalog variables denoting sets of vertices. Natdfthse sets are not sets in the
general sense, since their cardinality is restricted bysihew + 1 of the bags, wheres
is a fixed constant. Hence, these “fixed-size” sets can belwimplemented by means
of k-tuples withk =< (w + 1) over{0, 1}. For the sake of readability, we are using non-
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Program 3-Colorability

/* leaf node. */

solve(s,R, G, B) « leaf(s), bag(s, X), partition(s, R, G, B), allowed(s, R),
allowed(s, G), allowed(s, B).

/* element introduction node. */

solve(s,R [¥}, G, B) « bag(s, X [Z¥}), childi(s1,S), bag(s1, X), solve(s1, R, G, B),
allowed(s,R C¥}).

solve(s,R,G ¥}, B) « bag(s, X Z¥}), childi(s1,S), bag(s1, X), solve(s1, R, G, B),
allowed (s, G [¥}).

solve(s,R,G, B [¥}) « bag(s, X [Z¥}), childi(s1,S), bag(s1, X), solve(s1, R, G, B),
allowed (s, B [¥}).

/* element removal node. */

solve(s,R, G, B) « bag(s, X), childi(s1,S), bag(s1, X [¥}), solve(s1, R (¥}, G, B).

solve(s,R, G, B) « bag(s, X), childi(s1,S), bag(s1, X [¥}), solve(s1, R, G ¥}, B).

solve(s,R, G, B) « bag(s, X), child1(s1,S), bag(s1, X [¥}), solve(s1,R,G,B [{¥}).

/* branch node. */

solve(s,R, G, B) « bag(s, X), childi(s1,S), child2(S2,S), bag(s1, X), bag(s2, X),
solve(s1, R, G, B), solve(sz, R, G, B).

[* result (at the root node). */

success — root(s), solve(s, R, G, B).

Fig. 5. 3-Colorability Test.

datalog expressions with the set operatddisjoint union). For the fixed-size sets under
consideration here, one could, of course, replace thisabmey pure datalog expressions
as we shall explain later in this section.

It is convenient to introduce the following notation. l&t= (V, E) be the input graph
with tree decompositio . For any node in T, we write as usudl; to denote the subtree
of T rooted ats. Moreover, we writeV (s) andV (T;) to denote respectively the set of
vertices of the bag of and the union of those sets associated with the nodgs in

Our 3-Colorability-program checks® is 3-colorable via the criterion mentioned above,
i.e., there exists a partition &f into three set®R, G, B, s.t. no two adjacent vertices
v1,Ve [Vlare in the same s, G, orB.

At the heart of this program is the intensional predicalee (s, R, G, B) with the fol-
lowing intended meaning denotes a node i andR, G, B are the intersections @R,

G, B with V (s). For all valuess, R, G, B, the ground factolve (s, R, G, B,) shall be true
in the minimal model of the program and the input structuranil only if the following
condition holds:

PROPERTYA. There exist extensior of R, G of G, andB of B to V (T,), s.t.
Q) R, G, andB form a partition ofV (T,) and
(2) notwo adjacent verticeg, v, [CVI(T,) are in the same s&, G, orB.
In other wordsR, G, andAI§ is a valid 3-coloring of the vertices i (T,) andR, G, and
B are the intersections &, G, andB with V (s).
The main task of the program is the computation of all faclse (s, R, G, B) via a

bottom-up traversal of the tree decomposition. The othedipates have the following
meaning:
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Auxiliary Predicates

partition(s,R,G,B) « bag(s,X),R A [BI=X,RnG=LRnB=LGnB =[]
allowed(s,Y ) « bag(s, X),Y Xl —forbidden(s,Y ).

forbidden(s,Y ) « bag(s, X),Y Xl vi Y], vo Y], e(v, V2).

Fig. 6. Auxiliary predicatepartition andallowed

—ypartition(s, R, G, B) is true in the minimal model if and only R, G, B is a patrtition
of the bagX at nodes in the tree decomposition.

—allowed (s, X) is true in the minimal model if and only X contains no adjacent vertices
V1, Va.

Recall that the cardinality of the se%, R, G, B occurring as arguments pértition and
allowed is bounded by the fixed constamt+ 1. In fact, both thepartition predicate and
theallowed predicate could also be treated as extensional predicatasiyputing all facts
partition(s, R, G, B) andallowed (s, X) for each node in T as part of the computation
of the tree decomposition.

The intuition of the rules with theolvepredicate in the head is now clear: At tleaf
nodes the program generates ground fastbre (s, R, G, B) for all possible partitions of
the bagX at s, such that none of the se®, G, B contains two adjacent vertices. The
three rules forelement introduction nodedistinguish the three cases if the new venex
is added tdR, G, or B, respectively. Of course, by trelowedatom in the body of these
3 rules, the attempt to addto any of the set®k, G, or B may fail. The three rules for
element removal nodelistinguish the three cases if the removed vertex wdg, ifs, or
B, respectively. The rule fdoranch nodegombinessolvefacts with identical values of
(R, G, B) at the child nodes; ands, to the correspondingplvefact ats.

In summary, the 3-colorability-program has the followirrgperties.

Theorem 5.1 The datalog program in Figure 5 decides the 3-Colorabilitpldem, i.e.,
the fact “success” is true in the minimal model of this progrand the input;-structure
A, if and only if A;; encodes a 3-colorable graplv, E) together with a tree decompo-
sitionT of (V, E). Moreover, for any graplfVv, E) and tree decompositioh of width at
mostw, the program can be evaluated in tir@g3* C[{V, E)|).

PrROOF By the above considerations, it is clear that the predigaie indeed has the
meaning described by Property A. A formal proof of this fagstructural induction ot
is immediate and therefore omitted here. Then the rule watidbuccess reads as follows:
success is true in the minimal model if and only & denotes the root of and there exist
extensmnsR G andB of R, G, B toV (T,) (which is identical tov |n case of the root
nodes), s.t. R, G, andB is a valid 3- -coloring of the vertices W (T,) =

For the upper bound on the time complexity, we observe tmaltfactssolve(s, R,G,B)
derived by the program, the sd®& G, B form a partition of the bag a (which contains
at mostw + 1 vertices). Again, this property can be easily proved bycstmal induction
onT. Hence, the datalog prograbin Figure 5 is equivalent to a ground progrdhm
where each rule d? is replaced byD (3% LJ(V, E)|) ground rules. These ground rules can
be computed as follows: At a leaf nodewe have3“*! possible values ofR, G, B), s.t.
partition(s, R, G, B) is fulfilled. Moreover, for the bag &, there are in total at mogt'+!
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possible instances of ttadlowed (s, X)-predicate, which can be computedd(2® [w?),
i.e., we have to check for every pair of vertigesy) in a set of at mosiv + 1 vertices,
thatx andy are not adjacent.

Likewise, for all other kinds of nodes, there are at nd¥st! possible values diR, G, B),
s.t.solve(s, R, G, B) is the head of a rule in the ground progr&h Note that, for all
rules in Figure 5 at element introduction and branch nodwesjristantiation of the vari-
ables(s, R, G, B) in the head admits at most one instantiation of the varidhltdee body.

If sis an element removal node, then the bag has at mostv elements and there are
only 3* possible values ofR, G, B), s.t.solve(s, R, G, B) is the head of a ground rule
in P’. On the other hand, each such va{geR, G, B) admits 3 possible instantiations of
the variables in the body. Hence, we again end up @4th! possible ground rules iR’.
Finally, also the rule with theuccessredicate in the head admits at m8%t™! possible
ground instantiations (of th&olve predicate in the body and, hence, of the entire rule).

In total, we can evaluate the progrdin Figure 5 over an input grap{V, E) by
first computing the equivalent ground progréhwith O(3* CI{V, E)|) rules and then
evaluatingP’ in linear time. O

Actually, the linear time data complexity in Theorem 5.1 Icbalso be seen as follows
(without getting the concrete vall® for the multiplicative constant though): Our pro-
gram in Figure 5 is essentially a succinct representatiangpfasi-guarded monadic data-
log program. For instance, in the at@oive (s, R, G, B), the setR, G, B are subsets of
the bag ok. Hence, each combinatidt, G, B could be represented by 3 subsgtsrs, r3
over{0,...,w} referring to indices of elements in the bagsofRecall thatw is a fixed
constant. Henceplve (s, R, G, B) is simply a succinct representation of constantly many
monadic predicates of the forsolve ., ,, ,,)(s). The quasi-guard in each rule can thus
be any atom with argumest e.g.,bag (s, X) or bag(s, X) [{¥}. Thus, an upper bound
of the formO(f(w) CJ{V, E)|) for some functiorf depending on the treewidth of the
graph (but not on the size the graph) follows immediatelyfitheorem 4.5.

Discussion.Let us briefly compare the monadic program constructed iptbef of The-
orem 4.6 with the 3-Colorability program in Figure 5. Actiyakince we are dealing with
a decision problem here, we only look at the bottom-up cacttin in the proof of The-
orem 4.6; the top-down construction is not needed for a Otangyet formulap(). As
was already mentioned above, the atmolse (s, R, G, B) can be thought of as a suc-
cinct representation for atoms of the fosulve ., ., ,,)(s). Now the question naturally
arises where the typ2 of some nodes from the proof of Theorem 4.6 is present in the
3-Colorability program. A first tentative answer is thasthipe essentially corresponds to
the setR(s) = {[, ry, r3[] solve ., ,, »,y(S) is true in the minimal modgl However,
there are two significant aspects which distinguish our Bx@dility program from merely
a succinct representation of the type transitions encaddaei monadic datalog program
of Theorem 4.6:

(1) By Property A, we are only interested in the types of thesactures which — in
principle — could be extended in bottom-up direction to a8able graph. Hence, in
contrast to the construction in the proof of Theorem 4.6,3@olorability program
does clearly not keep track of all possible types that thetsutture induced by some
tree decompositiof; may possibly have.

(2) R(s) ={M, ry, r3Csolve ., ., r,)(S) is true in the minimal modgldoes not exactly
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correspond to the type sf Instead, it only describes the crucial properties of tipety
Thus, the 3-Colorability program somehow “aggregatesésshitypes from the proof
of Theorem 4.6.

These two properties ensure that the 3-Colorability pnegsamuch shorter than the pro-
gram in the proof of Theorem 4.6 and that the difference betwbese two programs is
not just due to the succinct representation of a monadicrpmdy a non-monadic one.
The rationale behind this improvement is that we take thgeta¥1SO formulap (namely,
the characterization of 3-Colorability) into account foetentire construction of the dat-
alog program in Figure 5. In contrast, the datalog progranstacted in the proof of
Theorem 4.6 is fully generic, i.e., the rules describingpalésible type-transitions in the
proof of Theorem 4.6 only depend on the treewidthnd the quantifier depthbut not on
the concrete target MSO formufathat we ultimately want to evaluate.

Set arithmetic vs. pure datalog. The program shown in Figure 5 contains set variables
and set operations which are not part of the datalog languagegiven treewidthw, it is
fairly straightforward to transform the set arithmeticdgure datalog constructs. Below,
we instantiate the 3-Colorability program as a pure datglamgram for treewidth 3, see
Figure 7. Note however that there are state-of-the-arf@@ngines which actually do
support sets. For instance, a recent extension of the DE¥ésy[Leone et al. 2006], which
is called DLV-Complex (se@tt p: //wwv. mat . uni cal . it/dl v- conpl ex), pro-
vides special built-in predicates for set arithmetic.

Let w denote some constant which is an upper bound on the treeuwfiditte intended
inputs. The basic idea of the transformation of the prografigure 5 into a pure datalog
program is to replace each set varialevith w + 1 individual variables. In Figure 7, we
show the resulting pure datalog program for treewidtts 3. Of course, a set may contain
less than 4 elements. In this case, we pad the set with apatelgrmany copies of the
auxiliary symbol C_Hor instance, a séX = {v1, vo} can be represented by the quadruple
v, Vo, [ II_Mote that in Figure 7 (and also for the definition of auxiligredicates in
Figures 8 and 9) we adopt the convention that the synitislfilled in from the right, e.g.,
vi, Lyl Cwbuld not be a legal representationXf= {v, v-}.

The predicatesolve and partition, which contain 3 sets, now have 12 positions (in
addition to the argumerd) to represent these three sets, e.g., the intended meahing o
solve(s, ri, ra, rs, r4,01, 92,03, 04, b1, b, bs, by) is that the setR, G, B have the values
R ={r1,ro,r3, rs} \{ 56 = {01,092, 93,94} \ { . BndB = {by, bo, b3, by} \ { [}

Of course, things are now slightly complicated by the faat the can choose different
orderings to arrange the elements of a set as a list of ingiicariables. Hence, we define
additional auxiliary predicatasg_permutation andsolve_permutation which generate
all those facts that can be obtained from bag- resp.solve-predicate by permuting the
elements (see Figures 8 and 9).

The datalog program in Figure 7 uses the auxiliary predsgatetition (s, r1, ro, rs, 4,
01,02, 03,04, by, bo,bs3,by), allowed (s, vy, Vs, Vs, Vy), introduced(s,v), removed (s, V),
andsolve _permutation(s, ry, ro, s, r4, 01, 92, 03, 94, b1, b2, b3, by) with the obvious mean-
ing, e.g.:introduced (s, v) means thas is an element introduction node, stis the newly
introduced vertex (i.e., the vertex which was not presetttébag at the child node 6j.
Likewise, removed (s, v) means thas is an element removal node, sttis the removed
vertex (i.e., the vertex which was present in the bag at tiid nbde ofs but not in the bag
of s). The definition of these auxiliary predicates is shown igufe 8. There, two addi-
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Program 3-Colorability, Datalog Instantiation for Treewidth = 3.
/* leaf node. */
solve(s,r1,r2,r3,ra,01,092,03, 94, b1,02,b3,bs)

leaf (S), partition(s,r1, 2,3, ra, 01,92, 3, §a, b1, b2, bz, ba),

allowed(s, ri, Iy, s, r4), allowed(s, 01,02, 03, g4), allowed(s, bl, bz, b3, b4).
/* element introduction node. */
SOIUG(S, ry,ra,rs,v,01,92,93, 94, b1, bz, b3, b4) —

introduced (s, V), child1(S1,S), allowed(s, r1,r2,r3, V),

solve(sl, ri, rp, s, @, 02,03, 04, bl, bz, b3, b4), n L8 LCrie L1
SOIUG(S, rq,ra,Vv, IEL 02,03, 04, bl, bz, b3, b4) —

introduced (S, V), child1(s1,S), allowed(s, r1,rz,v, O,

solve(Sy, r1, rz2, L11,03,02,03,04,b1,b2,b3,04), 11 B CT3 8 L1
solve(s,r1,v, 1,01, 02,03,04,b1,b2,b3,bs) <

introduced (s, V), child1(s1,s), allowed(s, r1,v, LI,

solve(sy, r1, LI 11,G1, 92,93, 94, b1, b2, b3, ba), ra B L1
solve(s,v, 11,01, g2, 93, 94, b1, b2, b3, ba)

introduced (s, V), child1(S1,S), solve(s1, LIL LTI gd, g2, g3, 94, b1, b2, b3, ba).
solve(s, ri,rz,rs, ra,01,92,03,Vv, bl, bz, b3, b4) -

introduced (S, V), child1(S1,S), allowed(s, 91, 92,93,V),

solve(sl, ry, ra,rsra,91,92,90s, L_,_ﬂ, bz, b3, b4), O1 = @ = @ =3 I |

solve(s, r1,r2,r3, ra, 91,092,093, 94,v, LI )4 introduced(s,V), child1(s1, S),
solve(sl, Iy, ra,rs, ra,d1, 92,93, 94, m

[* element removal node. */

5011}6(5, ri,rz, r3, 01,92, 03,04, b1, b2, b3, b4) - removed(s, V), Childl(sl, S),
solve-permutation(sl, ri,r2,rs, Vv, 01,02, 03, 0s, b1, b2, bs, b4).

SOIUG(S, ri,r, 10, 92,03, g4, b1, b2, bs, b4) - removed(s, V), Childl(Sl, S),
solve_permutation(s1, r1, r2,v, ,0d, 92,03, 94, b1, b2, b3, ba).

solve(s, r1, CIL 1L g1, g2, 93, ga, b1, b2, b3, ba) — removed(s,V), childi(s1,S),
solve_permutation (s, r1,v, 1L 01, g2, g3, g4, b1, b2, b3, ba).

solve(s, LI, T, 11,01, 92, 93, 94, b1, b2, b3, ba) — removed(s, V), childi(s1,S),
solve_permutation(s1,v, GIL 1L gd, g2, 93, 9a, b1, b2, bz, ba).

SOIUG(S, ri,rz,rs, ra,01,02,93, 0d, by, bs, b4) - removed(s, V), Childl(sl, S),
solve_permutation(S1, r1, r2, r3, ra,d1,92,03,V, b1, b2, bz, ba).

solve(s,r1,r2,r3,ra,01,02,03,04, L ILIL T 4 removed(s, V), childi(S1,S),
solve_permutation(Ss, r1, r2, 3, r4,91,92,93,094, v, LIL 11

[* branch node. */

solve(s, r1,r2,r3,r4,01,02,03,0a,01,b2,b3,b1) — childi(s1,s), child2(S2,S),
solve(S1,¥1,¥2,¥3,¥4,01,02, 93, 4, b1, b2, b3, ba),
solve_permutation(SZ, ri,r2,rs, ra, d1,02, 93, g4, b1, b2, bs, b4)-

[* result (at the root node). */

success « root(S), solve(s, r1,r2, 3, 4,091,092, 03, g4, b1, b2, b3, ba).

Fig. 7. Datalog Instantiation of the 3-Colorability Progra
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Auxiliary Predicates: Datalog Instantiation for Treewidth = 3.

/* allowed*/
allowed(S,V1,V2,V3,Va) — bag_subset(s,V1,V2,V3,Va),

[* partition */

partition
partition
partition
partition
partition
partition

NN N N

/* introduced*/
introduced (S,V) « bag_permutation(s,Vi,V2,Vs, V), child1(s1,S),
bag_permutation(S1, V1, V2, Vs, L1

I* removedt/
removed(S,V) « bag_permutation(s,Vi,Va, Vs, ), &hild1(S1,S),
bag_permutation(S1, V1, V2, Vs, V).

/* solvepermutation*/

solve_permutation(s, 1,2, r3, ra, O, 1, 1L 1L 10, 1) 4
solve(s,ri,r2,ra, ra, L TL 1L T T 1T 111

solve_permutation(s, 1,2, ra, rz, LI, T 10, 1L 1L 10, 1) 4
solve(s,ri,rz2,r3, ra, CI I T LT 1L 1) /4 & L1

solve_permutation (s, ra,r3, rz, r1, LT, T4 1L 1L 1 11 4
solve(s, 1,1z, 13, ra, LI T T T TLTL TN 1 8 L]

solve_permutation(s, 1,12, r3, gd, LI T TL 1L 11 11 4
solve(s, ra, rz, r3, Lgd, C I T, T 1111101

solve_permutation(s,r1,rs, r2, Lgd, LI T TL 1L 1L 11 4
SOZUE(S, ri,rrp, rs, @, I—I'I_I'I_I'I_I'I_I'I_I'n_ﬂg, =3 I |

solve_permutation (s, r1, r2, GILgd, g2, CIL T TL 1L 11} J
solve(s, ra1, r2, LALGd, g2, LI T TLTI 111
solve_permutation (s, r1, r2, LI g3, g1, CIL T TL 1L TT) J
solve(s, r1, r2, I gd, g2, CIL LI T 11,4, & L1
solve_permutation(s,rz,r1, L 1L g1, 9>, L 1L I, 1 10, 1) 4
solve(s,ri,r2, L1, gd,go, L IL L 1L 1T M) %, & 1
solve_permutation (s, rz, r1, LI, g3, g1, CILTLTL 1L TT) J

solve(s,ry,rz, LGl g2, CIL I T T 1 8 gl B8 L

solve_permutation (s, T, T, T, T, T, TI, 11,04, b3, ba, b1)
solve(s,l 0,11, 11,11, 11,11 ||5],b2,b3,b4),b45 | I

—€(V1,V2), =€(V1, Vs), 7€(V1, Va), 7€(V2, V3), =€(V2, Va), =€(V3, Va).

partition(s, Vi, V2, Vs, Va, LI T, TL L 1L 1L 1) 4 bag-permutation (s, Vi, V2,V3,Va).
S,V1,V2,vs, LA, I I L I, 1, ) 4 bag_permutation(s, V1, Va2, Vs, Va).
S,V1,Vo,v3, CIL L T, v, L IL ) 4 bag-permutation(s,Vi, V2, Vs, Va).
S, V1, V2, V3, va, LI T L 1L ) 4 bag-permutation (s, Vi, V2, Vs, Va).
s,v1, Vo, I3, I TV, I O] 4 bag_permutation(s, V1, Va2, Vs, Va).
S, V1, Vo, I T, L T, TV, va, L4 bag-permutation(s,Vi, V2, Vs, Va).
s,vi, LI V3, vs,va, LI L TL ) 4 bag-permutation (s, Vi, V2, Vs, Va).

partition(s, vi, LI, O, T, T, T, 1 v3, v3, va, O d bag-permutation(s, Vi, V2,V3,Va).

partition(s, L, 1L T, T, 0, TI,vd, V2, V3, Va) < bag-permutation(s,Vi,V2,V3,Va).

Fig. 8. Datalog Instantiation of the Auxiliary Predicates.
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Further Auxiliary Predicates: bag permutationandbag subsefor Treewidth = 3.

/* bag permutation*/

bag_permutation(s,V1i,V2,V3,Va) < bag(s,Vi,V2,Vs,Va).
bag_permutation (S, V1i,V2,V4,V3) « bag(s,Vi,V2,Vs,Va), Vs B
bag_permutation (S, V1i,V3,V2,V4) « bag(s,Vi,V2,Vs,Va), V3 B
bag_permutation (s, V1i,V3,Va,V2) < bag(s,Vi,V2,Vs,Va), Vs B
bag_permutation (S, V1,Va,V2,V3) « bag(s,Vi,V2,Vs,Va), V4 B
bag_permutation (S, V1,Va,V3,V2) « bag(s,Vi,V2,Vs,Va), Vs B
bag_permutation(s,V2,V1,V3,Va) < bag(s,Vi,V2,Vs,Va), V2 B

J 000000

bag_permutation (s, Va,V3,V2,V1) < bag(s,Vi,V2,Vs,Va), Vs B

[* bag subset/

bag_subset(S,V1,V2,V3,Va) < bag-permutation(s,Vi, V2, Vs, Va).
bag_subset (s, V1,V2,vs, 4 bag_permutation(s,Vi,V2,V3,Va).
bag_subset(s,V1,Vz, L4 bag_permutation(s,Vi, V2, Vs, Va).
bag_subset(s,vi, LIL ) d bag-permutation(s,Vi,V2,V3,Va).
bag_subset (s, LIL 1L T 1

Fig. 9. Further Auxiliary Predicates.

tional auxiliary predicatebag _permutation andbag_subset are needed, whose meaning
is also obvious, namelybag _permutation (s, vy, Vo, V3, V4) means thavy, vy, vs, v, is a
permutation of the vertices in the bag at nagldag _subset (s, vi, V2, V3, V4) means that
V1, Vo, V3, V4 represents a subset of the vertices in the bag at siofle mentioned above, a
subset of cardinality smaller than 4 is represented bydilimthe symbol[—appropriately
often (in contiguous places starting from the right). Theade are worked out in Figure
9. The number of resulting rules in Figures 7, 8, and 9 is (g)nexponential w.r.t. the
treewidthw.

Computing a solution. We conclude this section by sketching an algorithm that adegp
one possible solution to the 3-Coloring problem in the cas¢ thesuccess-fact is true

in the minimal model of the program in Figure 5. To this end, seastruct a recursive
procedure which takes as input a tufdeR, G, B) and accumulates a possible 3-coloring
in global variableR, G, andB. Initially the setsR, G, andB are empty and we start the
recursion by choosing as the root node of the tree decompositionAs (R, G, B) we
choose any combination, s.t. the faglve (s, R, G, B) is true in the minimal model of the
program. Then we traverse the tree decomposifioin top-down direction by carrying
out the following action at every node

(1) If s is a leaf node, then we sBt:= R [R], G := G [G, andB := B A

(2) Suppose thatis an element introduction node with child nagleand newly introduced
vertexv. Then, depending on whetheris in R, G, or B, we setR := R v}, G =
G [{¥}, or B := B [{¥}, respectively. The recursion continues with the vasesR \
{v}, G\ {v}, B\ {v}).

(3) Suppose that is an element removal node with child nogleand removed vertex.
By construction, there exists a fadive (s, R, G, B) which is true in the minimal model of
the program. Hence, at least one of the following facts is tlse in the minimal model of
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the programsolve(s;, R [N}, G, B), solve(s;, R, G [N}, B), andsolve(s;, R, G, B [
{v}). We thus continue the recursion with the value combina(mnR [{V}, G, B),
respectively(s;, R, G [{¥}, B) respectively(s:, R, G, B [{¥}).

(4) If s is a branch node with child nodes ands., then we continue with two calls
to our recursive procedure: one with the value combinatmnR, G, B) and one with
(s2,R,G,B).

5.2 The Primality Decision Problem

Recall from Section 2.2 that we represent a relational sel{@nF ) as at-structure with

T = {fd, att, Ih, rh}. Moreover, recall that, in Section 5, we consider normalizee
decompositions with 3 kinds of internal nodes, namely el#memoval nodes, element
introduction nodes, and branch nodes (cf. Definition 2.6)thWur representation of re-
lational schema$¢R, F) as structures, the domain elements are the attributes aadnFD
(R, F). Hence, we distinguish two kinds of element removal nodas)aly,attribute re-
moval nodesndFD removal nodesLikewise, we have two kinds of element introduction
nodes, namelyattribute introduction nodeand FD introduction nodes Moreover, it is
convenient to denote the bags apairs of setqAt, Fd), whereAt is a set of attributes
andFd is a set of FDs. Finally, it will greatly simplify the presetion of our datalog
program if we require that, whenever an FD[H is contained in a bag of the tree de-
composition, then the attributs (f) must be as well. In the worst-case, this may double
the width of the resulting decomposition.

Suppose that a scher@@, F) together with a tree decompositidnof width w is given
as at;q-structure witht,; = {fd, att, Ih, rh, root, leaf , child 1, child 5, bag}. In Figure 10,
we describe a datalog program, where the input is given attdiouéea [CR and at;y-
structure, s.ta occurs in the bag at the root of the tree decomposition.

Analogously to Section 5.1, we are using lower case letiefs andb (possibly with
subscripts) as datalog variables for a single nodg ,rfor a single FD, or for a single
attribute inR, respectively. Upper case letters are used as datalogiesidenoting sets
of attributes (in the case of, At, C°, AC) or sets of FDs (in the case &d,FY,FC).

In addition,C¢ is considered as an ordered set (indicated by the supdrsgrig/hen we
write C° [{B}, we mean thab is arbitrarily “inserted” intoC®, leaving the order of the
remaining elements unchanged. Again, the cardinality e§¢h(ordered) sets is restricted
by the sizew + 1 of the bags, wherav is a fixed constant. In addition té_(disjoint
union) we are now also using the set operatard, [,ahd [_Hor the fixed-size (ordered)
sets under consideration here, one could, of course, eapigce these operators by pure
datalog expressions. In Figures 7, 8, and 9 we have alreadytsawv set variables and
some set operators can be realized in pure datalog for wiédewi = 3. In Figures 11
and 12, the realization of further set operators is presente

For the input schemgR, F) with tree decompositioi , we use the following notation:
We write FD (s) to denote the FDs in the bag efand FD (T;) to denote the FDs that
occur in any bag irm;. Analogously, we writeAtt(s) and Att(T,) as a short-hand for
the attributes occurring in the bag ®frespectively in any bag ifi;. Our PRIMALITY-
program in Figure 10 checks the primality of an attribateia the criterion used for the
MSO-characterization in Example 2.7: We have to searchrfatiibute se¥ [R]s.t.Y
is closed w.r.tF (i.e., Yt =Y),aI¥land(Y [(a})* = R, i.e.,Y [{a}is a superkey
butY is not.
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Program PRIMALITY

/* leaf node. */

solve(s,Y,FY,C° AC, FC) « leaf(s), bag(s, At, Fd),Y [CF = At,Y nC° = [1
outside(FY,Y, At, Fd), FC' L_FEH, consistent(FC,C?), AC = {rhs(f) | f CEC},
AC L[CT.

[* attribute introduction node. */
solve(s1,Y,FY,C° AC, FC).

consistent (FC,C° [B}), solve(s1,Y,FY1,C° AC, FC), outside(FY2,Y, At, Fd),
FY =FY; CEN,.

/* FD introduction node. */

solve(s,Y,FY,C° AC, FC) « bag(s, At, Fd [F¥}), child1(s1,S), bag(s1, At, Fd),
rh(b, ), b Y], solve(s1,Y,FY,C° AC, FC).

solve(s,Y,FY,C° AC [0}, FC LIF}) « bayg(s, At, Fd [IX}), childi(s1,S),
bag(s1, At, Fd), rh(b, ), b [Q°, solve(s1,Y,FY1,C?% AC, FC), consistent({f}, C°),
outside(FY2,Y, At, {f}),FY = FY1 CEN>.

solve(s,Y,FY,C? AC, FC) ~ bag(s, At, Fd LIF}), childi(s1,S), bag(s1, At, Fd),
rh(b,F), b CC°, solve(s1,Y,FY1,C° AC, FC), outside(FY2,Y, At, {f}),
FY =FY; CEN..

/* attribute removal node. */

solve(s,Y,FY,C?% AC, FC) ~ bag(s, At, F'd), child1(s1,S), bag(s1, At 0}, Fd),
solve(s1,Y B}, FY,C° AC, FC).

solve(s,Y,FY,C° AC, FC) « bag(s, At, Fd), child1(s1,S), bag(s1, At [ {8}, Fd),
solve(s1,Y,FY,C° [0}, AC 0}, FC).

/* FD removal node. */

solve(s,Y,FY,C° AC, FC) « bag(s, At, Fd), child1(s1,S), bag(s1, At, Fd TLF}),

rh(b, ), b Y], solve(s1,Y,FY,C° AC, FC).

(s,Y,FY,C° AC, FC) « bag(s, At, Fd), childa(s1,s), bag(s1, At, Fd [{F}),

rh(b, F),b CQ°, solve(s1, Y, FY ¥}, C° AC, FC L{F}).

solve(s Y,FY,C° AC, FC) « bag(s, At, Fd), child1(s1,S), bag(s1, At, Fd [{F}),
rh(b, ), b CQ°, solve(s1,Y,FY [{F}, C° AC, FC), T ILAC.

/* branch node. */

solve(s,Y,FY1 CElY,,C?% ACy CAC,, FC) « bag(s, At, Fd), child1(s1,S),
bag(s1, At, Fd), child2(S2,S), bag(S2, At, Fd), solve(s1,Y,FY1,C° ACy, FC),
solve(sz,Y,FY2,C°% ACy, FC), unique(AC1, ACy, FC).

/* result (at the root node). */

success — root(S), bag(s, At, Fd),a Ak, solve(s,Y,FY,C° AC, FC),a IIY]
FY ={f CHd | rhs(f) Y}, AC = C°\ {a}.

solve

solve(s,Y B}, FY,C° AC, FC) « bag(s, At L8}, F'd), childi(s1,S), bag(s1, At, Fd),

solve(s,Y,FY,C° [0}, AC, FC) — bag(s, At [}, Fd), child1(s1,S), bag(s1, At, Fd),

Fig. 10. Primality Test.

At the heart of our PRIMALITY-program is the intensional gieatesolve(s, Y, FY,

C?, AC, FC) with the following intended meaning. denotes a node ifi. Y (resp.C?)
is the intersection oY (resp. ofR \'Y) with Att(s). We consideR \ 'Y as ordered w.r.t.

an appropriate derivation sequencerfrom Y [}, i.e., suppose that [{Ay}

—

Y A, A1} - Y A, ALAY - ..o 5 Y A AL..., A} SLLAg = aand

Y [ {Ag, AL, ..., A} = R. Without loss of generality, th&,;’'s may be assumed to be
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Auxiliary Predicates: Set Operations for Treewidth = 3, Part 1.

[* X1 C Xo*/

subset(s,V1,V2,V3,Va,V1,V2,V3,Va) < bag_subset(s,V1,V2,Vz,Vs).
subset(s,v1,V2,V3, L,V1,V2,V3,Va) < bag_subset(s,Vi,V2,V3, Va).
subset(s,v1,Vv2, L, 1,v1,V2,V3,Va) < bag_subset(s,V1,V2,Vz,Vs).
subset(s,v1, L, L, 1,v1,V2,V3,Va) < bag_subset(s,V1,V2,V3,Va).
subset(s, L, L, L, 1,v1,V2,V3,Vs) < bag_subset(s,Vv1,V2,V3,Va).

*v e X*

element(s,V1,V1,V2,V3,Va) < bag_subset
element(s, V2,V1,V2,V3,Va) «— bag_subset
element(s, Vs, V1,V2,V3,Va) <« bag_subset
element(s, Va4, V1,V2,V3,Va) «— bag_subset

S,V1,V2,V3,V4), V
S,V1,V2,V3,V4)
S,Vl,Vz,V3,V4)
S,V1,V2,V3,V4), V.

= = = =

£ 1
# 1.
£ 1.
£ 1

FXiNXy=X*
intersection(s, Vi, V2,V3, Va4, V1,V2,V3,V4, V1, V2, V3, Va) < bag_subset(s, V1, V2, V3, Va).
intersection(s, Vi, V2,Vs, Va4, V1, V2,Va, U1, V1,V2,V3, L) «—
bag-subset(s, V1,V2,V3,V4), bag_subset(s, Vi, V2, V3, U1), U1 # V4.
intersection(s, V1, V2,V3, V4, V1, V2,U1,U2,V1,V2, L, 1) «—
bag-subset(s,V1,V2,Vs, Va), bag_subset(s, V1, V2, U1, U2), U1 # V3, U1 7# Va, U2 # V3, U2 # Va.
intersection(s, V1, V2,V3,Va, V1, U1, U2, U3, V1, L, L, L) — bag_subset(s, Vi, V2, V3, Va),
bag-subset(s, V1, U1, U2, U3), U1 7 V2, U1 # V3, U1 # V4, ...,U3 # V2, U3 # V3, U3 # V4.
intersection(s, Vi, V2,V3,Va, U1, U2,U3,Ug, L,, L, 1, 1)« bag_subset(s,Vv1,V2,V3,Va),
bag-subset(s, U1, U2, U3, Us), U1 # V1, U1 # V2, U1 # V3,U1 # V4, ...,Us # V1, ...,Us # Va.

intersection(s, V1, V2,V3, L,V1,V2,V3,U1,V1,V2,V3, L) —
bag-subset(s,Vv1,V2,Va, L), bag-subset(s, V1, V2, Vs, U1).
intersection(s,V1,V2,V3, L,V1,V2,U1,U2,V1,V2, L, 1) «
bag-subset(s,Vv1,V2,Va, L), bag-subset(s, Vi, V2, U1,U2), U1 # V3, U2 # V3.
intersection(s, Vi, V2,3, L,v1,u1,U2,u3, vy, L, L, 1)« bag_subset(s,vi,v2,v3, L),
bag-_subset(s, V1, U1, U2, U3), U1 # V2, U1 # V3, ...,U3 # V2, U3 # V3,
intersection(s, Vi, Vz2,Vs, L, U1, U2,uz, us, L,, L, L, 1)« bag_subset(s,Vvi,Vz2,Vs, L),
bag-subset(s, U1, Uz, U3, Us), U1 # V1, U1 # V2, U1 # V3, ...,Us # V1, Us # V2, Us # V3.
intersection(s,vy, L, L, L,vi,ug,uz2,uz, vy, L, L, 1)~
bag-subset(s,v1, L, L, 1), bag_subset(s, Vi, u1, Uz, Uz).
intersection(s, L, L, 1, 1 ,u1,u2,u3, usa, L, L, 1, 1)« bag_subset(s, U1, Uz, uUs, Us).

Fig. 11. Datalog Instantiation of Set Operators, Part 1

pairwise distinct. Then for any twb& j, we simply setA; < A; if and only ifi < j.
By the connectedness condition ©nour datalog program ensures that the order on each
subsetC? of R\ Y is consistent with the overall ordering.

The argumenE Y of the solvepredicate is used to guarantee thats indeed closed.
Informally, FY contains those FDs iRD (s) for which we have already verified (on the
bottom-up traversal of the tree decomposition) that theypatoconstitute a contradiction
with the closedness of. In other words, eitherhs (f) Yl or there exists an attribute in
Ihs(f) n At(T,) which is notinY.

The argumentAC andFC of thesolvepredicate are used to ensure thatL{d})* =
R indeed holds: The intended meaning of theF¥gtis that it contains those FDs FD (s)
which are used in the above derivation sequence. Mored@rcontains those attributes
from Att(s) for which we have already shown that they can be derived f¥cand smaller
atoms inC°.

More precisely, for all values, Y, F Y, C°, AC, FC, the ground facfolve (s, Y, FY, C?, AC, FC)
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Auxiliary Predicates: Set Operations for Treewidth = 3, Part 2.

[* X1 [ Xb =X *

disjoint(s, V1, Va2, V3, Va, LILTL 1LV, V2, V3, Va) — bag_subset(s,Vi, Va2, Vs, Va).
disjoint(s, V1, Ve, vz, LM, CIL TV, V2,V3, V)

disjoint(s, V1, Va2, L ILV3, va, LIV, V2, V3, Va) « bag_subset(s,vi, Ve, L1
bag-subset(s, V3, Vs, L,__lml B V3, V1 B Vg, V2 =3 V3, V2 B V4.
disjoint(s,v1, LILTIND, V3, va, T, V2,V3,Vs)

disjoint(s, LIL L TINA, Vo, V3, V4, V1, V2, V3, Va) « bag_subset(S, V1, V2, Vs, Va).
disjoint(s, V1, Va2, vs, LIL LT TV, va, v3, O—d bag_subset(s, Vi, Va2, Vs, O
disjoint(s, v1, vz, 13, 1L T, vo,v3, O 4

bag_subset (S, V1, V2, LI}, Bag_subset (s, vz, LIL T B va, Vo B va.
disjoint(s,v1, LIV, v3, LN, va, v3, D4

bag_subset (s,v1, 1L}, Bag_subset (s, V2, vs, 11 B vy, vi B vs.
disjoint(s, LIL LTIV, va, va, LA, va,v3, O—d bag_subset(s, Vi, Vz, Vs, O

disjoint(s, L LI TL T TL 11 TL 11 T 11 11) 1

/* X1 (X = X */
union(s,Vi, V2, V3, Va, V1,V2,V3, V4, V1, V2, V3, V4) « bag_subset(s, Vi, V2, V3, Vs).
union(s, Vi, V2, Va, Va, V1, V2, V3, [, Vo, V3, Vs) «

bag_subset (s, V1,V2,V3,Va), bag_subset (s, V1, V2, vz, L)1
union(s, Vi, Ve, V3, LA, V2, V3, Va, V1, V2,V3,Va) «

bag_subset (s, V1,V2,Vs, O Bag_subset(S, V1, V2,V3,Vs).

union(s, Vi, Va2, Va, L4, Va, va, L, V2,V3,Vs) «

bag_subset (s, V1, V2, Vs, O, Bag_subset(s, V1, V2, Vs, [ 3 B va.
ungon(s, Vi, Ve, va, CAd, vz, LI, vz, va, O

bag_subset (S, V1, V2, V3, O, Bag_subset(s, V1, Ve, L II1
um’on(s,vl,VZ, 10, vo,vs, LA, Vo, V3, Eﬂ-

bag_subset (s, V1, V2, ), bag_subset(s, V1, Va2, Vs, O
union(s,vi, Ve, LIV, vo, LTIV, vo, LTI d bag_subset(s,vi, vz, L)1
union(s, Vi, Vz, Va, L, v4, LIV, V2, Vs, Va)

bag_subset (S, V1, V2, Vs, O, Bag_subset(s, V1, Vs, LI W, B va, V3 B Va.
union(s,vi, V2, LIV, V3, va, LN, V2, Vs, Va)

bag_subset (s, V1,V2, LI}, Bag_subset(s, Vi, Vs, Va, 0¥ B va, Vo B va.

unton (s, LT, T T 11 11, 11, 1T 11 11, 1)1

bag_subset (s, V1,V2,Vs, [), bag_subset(s,va, I, W1 B va, V2 B va, V3 B va.

bag_subset (s, v1, LIL ), Bag_subset(S, V2, Vs, Va, L1 B V2, V1 B vz, v1 B va.

Fig. 12. Datalog Instantiation of Set Operators, Part 2

shall be true in the minimal model of the program and the igprutcture if and only if the

following condition holds:

PROPERTY B. There exist extensioné of Y andCe of C° to Att(T,) and an extension

FC of FC to FD(T,), s.t.
(1) Y andC® form a partition ofAtt(T,),

(2) For everyf [CBD(T,) \ FD(s), if rhs(f) ¥, thenlhs(f) IYl. Moreover,
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FY = {f CED(s) | rhs(f) Yl andlhs(f) n Att(T,) LY.

(3) For everyf [HC, f is consistent with the order o@°, i.e., for everyf [HC,
rhs(f) CCI° holds and, for every CIRs(f) n C?, b < rhs(f) holds.

(4) AC TP\ Att(s) = {rhs(f) | f CEIC},

The main task of the program is the computation of all factee (s, Y,FY,C? AC,FC)
by means of a bottom-up traversal of the tree decomposifidre other predicates have
the following meaning:

—outside(FY,Y, At, Fd) is true in the minimal model if and only Y = {f [Hd |
rhs(f) Yl andlhs(f) n At ILY®, i.e., for everyf CEIY, rhs(f) is outsideY but this
will never conflict with the closedness ¥f becausdhs(f) contains an attribute from
outsideY .

—consistent(FC, C°) is true in the minimal model if and only iff]1 [CHC we have
rhs(f) [CQ° and M1CIAs(F) n C°: b < rhs(f), i.e., the FDs irfFC are only used to
derive greater attributes from smaller ones (and attribirtam).

—The factunique (AC1, AC,, FC) is true in the minimal model if and only if the condi-
tion ACy n ACo = {b | b = rhs(f) for somef [CEC} holds. Theunigue-predicate
is only used in the body of the rule for branch nodes. Its psepe to avoid that an
attribute inR \ 'Y is derived via two different FDs in the two subtrees at thédchodes
of the branch node.

—The 0-ary predicateuccess indicates if the fixed attribute is prime in the schema
encoded by the input structure.

The PRIMALITY-program has the following properties.

Lemma 5.2 The solve-predicate has the intended meaning describedealie., for all
valuess, Y, FY, C°, AC, FC, the ground facsolve(s,Y,FY,C° AC,FC) is true
in the minimal model of the PRIMALITY-program and the ingutcture if and only if
Property B holds.

Proof Sketch. The lemma can be shown by structural inductionTonWe restrict our-
selves here to outlining the ideas underlying the variolesrof the PRIMALITY-program.
The induction itself is then obvious and therefore omitted.

(1) leaf nodesThe rule for a leaf node realizes two “guesses” so to speak: (i) a partition
of At(s) into Y andC¢® together with an ordering o8° and (ii) the subsefC [Fii(s)

of FDs which are used in the derivation sequencRafY fromY [{&}. The remaining
variables are thus fully determinelY is determined via theutsidepredicate, whileAC

is determined via the equali®kC = {rhs(f) | f [CHC}. Finally the body of the rule
contains the checkmnsistent (FC, C°) andAC [CP to make sure that (at least at the
leaf nodes) the “guesses” are allowed.

(2) attribute introduction nodeThe two rules are used to distinguish 2 cases whether the
new attributeh is added toY or to C°. If b is added tor then all arguments of theolve
fact at the child node; of s remain unchanged at In contrast, ifb is inserted intaC®
then the following actions are required:

The atonconsistent(FC, C° [{}) makes sure that the rulesiC are consistent with
the ordering ofC?, i.e., it must not happen that the new attribbiteccurs inlhs(f) for
somef [EIC, s.t.h > rhs(f) holds.
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The new attributé outsideY may possibly allow us to verify for some additional FDs
that they do not contradict the closednes¥ ofThe atormoutside (F Y., Y, At, Fd) deter-
mines the seF Y, which contains all FDs witlrhs (f) TYI but with some attribute from
C¢ (in particular, the new attribut® in [hs ().

Recall that we are requiring that, whenever an 0 H is contained in a bag of the
tree decomposition, then the attributes (f) is as well. Hence, since the attribltdnas
just been introduced on our bottom-up traversal of the temmohposition, we can be sure
thatb does not occur on the right-hand side of any FD in the bag dfhus,AC is not
affected by the transition fromsy to s.

(3) FD introduction nodeThe three rules distinguish, in total, 3 cases: First, abe€f) [1
Y orrhs(f) [A° hold? (Recall that we assume that every bag containing s@redo
contains the right-hand side of this FD.) The latter caséén tfurther divided into the
subcases iff is used for the derivation dR \ Y or not. The first rule deals with the
caserhs(f) [Yl. Then all arguments of theolvefact at the child nods; of s remain
unchanged &.

The second rule addresses the casertigtf) [CCl° andf is used for the derivation of
R\ Y. Then the attributehs (f) is added toAC. The disjoint union makes sure that this
attribute has not yet been derived by another rule with theesaght-hand side. The atom
consistent(FC, C° [{B}) is used to check the consistencyfofvith the ordering ofC°.
The atonoutside (F Y, Y, At, Fd) is used to check if may be addedtEY , i.e., if some
attribute inlhs (f) is in C°.

The third rule refers to the case thdis(f) [CA° andf is not used for the derivation
of R\'Y. Again, the atonoutside(F Y2, Y, At, Fd) is used to check if may be added to
FY.

(4) attribute removal node.The two rules are used to distinguish 2 cases whether the
attributeb was inY orin C°. If b was inY then all arguments of theolvefact at the
child nodes; of s remain unchanged &t In contrast, ifb was inC¢° then we have to
check (by pattern matching with the festlve (sy, ..., AC [{B},...)) that a rulef for
derivingb has already been found. Recall that, on our bottom-up tsatefT , when we

first encounter an attribute it is either added t&Y or C°. If b is added toC° then we
eventually have to determine the FD by whitls derived. Hence, initiallyp is in C° but
notin AC. However, wheb is finally removed from the bag then its derivation must have
been verified. The argumernits FY , andFC are of course not affected by this attribute
removal.

(5) FD removal node.Similarly to the FD introduction node, we distinguish, irialp 3
cases. lfrhs(f) [Y1then all arguments of theolvefact at the child node; of s remain
unchanged &. If rhs(f) [CCI° then we further distinguish the subcaseE i used for the
derivation ofR\Y or not. The second and third rule refer to these two subcasesaction
carried out by these two rules is the same, namely it has tbéeked (by pattern matching
with the factsolve(sy,...,FY [{F},...)) thatf does not constitute a contradiction with
the closedness of. In other words, sincehs(f) [Q°, we must have encountered (on
our bottom-up traversal df ) an attribute inhs () which is outsidey .

(6) branch node. Recall that a branch nodeand its two child nodes; ands, have
identical bags by our notion of normalized tree decomparsiti The argument of ttemlve
fact ats is then determined from the argumentsatnds, as follows: The arguments
andC? must have the same value at all three nages, ands,. Likewise,FC (containing
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the FDs from the bags at these nodes which are used in theatienivof R \ Y) must

be identical. In contrastcY and AC are obtained as the union of the corresponding
arguments in theolvefacts at the child nodes, ands,, i.e., it suffices to verify at one
of the child nodes; or s, that some FD does not contradict the closedneds ahd that
some attribute irfC° is derived by some FD.

Recall that we define an order on the attributeRiN Y by means of some derivation
sequence oR\ Y from Y [{A&}. Hence, we have to make sure that every attribute in
R\ 'Y is derived only once in this derivation sequence. In otherdapfor everyb [
R\ (Y {&}), we use exactly one FIP with rhs(f) = b in our derivation sequence. The
atomunique (ACq, AC,, FC) in the rule body ensures that no attributdRN\ Y is derived
via two different FDs in the two subtrees at the child nodetheforanch node.

Theorem 5.3 The datalog program in Figure 10 decides the PRIMALITY prabfor a
fixed attributea, i.e., the fact “success” is true in the minimal model of thregram and
the inputt;4-structureA, if and only if A;; encodes a relational schen(R, F) together
with a tree decompositioh of (R, F), s.t.a is part of a key. Moreover, for any schema
(R, F) and tree decompositioh of width at mostv, the program can be evaluated in time
O(4(w log w) EMR, F)l)

PrROOF By lLemma 5.2, the predicaselve indeed has the meaning according to Prop-
erty B. Thus, the rule with healiccess reads as followssuccess is true in the minimal
model if and only ifs denotes the root of , a is an attribute in the bag at andY is the
intersection of the desired attribute &twith Att(s), i.e., (1)Y is closed (this is ensured
by the condition tha{f [Hd | rhs(f) IIYI} = FY), (2) a IIYl and, finally, (3) all at-
tributes iNnR\ (Y [{d}) are indeed determined by [{d} (this is ensured by the condition
AC =C°\{a}).

The upper bound on the time complexity is shown by a similguarent as in the proof
of Theorem 5.1: The datalog program in Figure 10 is equivatea ground prograr®’
where each rule oP is replaced byo(4(¥1ee») (R, F)|) ground rules. A detailed
proof of this fact can be given by a case distinction over tbssjple kinds of nodes in
the tree decomposition. In all cases, the crucial obsemdithat the number of possible
instantiations of the arguments of tbave (s, Y,FY, C°, AC, FC)-predicate is bounded
as follows: Suppose that the bag at nadeonsists ofk attributes and FDs withk +
| <= w+ 1. The argumenty andCe® are disjoint subsets oAtt(s); moreover,C? is
ordered. Hence, there are at ma%t[K! possible instantiations of these two arguments.
The argumeniEC is a subset oFD (s). Hence, there are at mdZtpossible instantiations
of this argument. FinallyAC is fully determined by the choice @° andFC; likewise,
FY is fully determined by the choice of. In total, the number of ground instantiations of
each rule irP is bounded byw+1)! [(W+1)! = O(2(wlegw) [Z{wlogw)) = Q(4(wlosw))
for every nodes in the tree decompositioh of |(R, F)|. Since the size of is linearly
bounded in|(R, F)|, we get the upper boun@(4(*°e») (R, F)|) on the size oP’.
This ground program can then be evaluated in linear tinoe.

5.3 The Primality Enumeration Problem

In order to extend the PRIMALITY algorithm from the previossction to a monadic
predicate selecting all prime attributes in a schema, aentaist attempt might look as
follows: one can consider the tree decomposifioas rooted at various nodes, s.t. each
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a [Ris contained in the bag of one such root node. Then, for aaaid corresponding
tree decompositiofi , we run the algorithm from Figure 10. Obviously, this methad
guadratictime complexity w.r.t. the data size. However, in this sattiwe describe a
linear time algorithm.

The idea of this algorithm is to implement a top-down traseod the tree decomposi-
tion in addition to the bottom-up traversal realized by thegpam in Figure 10. For this
purpose, we modify our notion aformalizedtree decompositions in the following way:
First, any tree decomposition can of course be transformedich a way that every at-
tributea occurs in at least one leaf nodef Moreover, for every branch noden
the tree decomposition, we insert a new nades new parent of, s.t.u ands have identi-
cal bags. Hence, together with the two child nodes, @ach branch node is “surrounded”
by three neighboring nodes with identical bags. It is thuargnteed that a branch node
always has two child nodes with identical bags, no matterre/feis rooted. Moreover,
this insertion of a new node also implies that the root node & not a branch node.

We propose the following algorithm for computing a monadidicateprime (), which
selects precisely the prime attribute(R, F). In addition to the predicat®lve, whose
meaning was described by Property B in Section 5.2, we alsgpate a predicatsolve,
whose meaning is described by replacing every occurrende af Property B byT;.
As the notatiorsolvel suggests, the computation sblvel can be done via a top-down
traversal ofT . Note thatsolvei (s, . ..) for a leaf nodes of T is exactly the same as if we
computedolve(s, . ..) for the tree rooted &. Hence, we can define the predicptéme ()
as follows.

Program Monadic-Primality

prime(a) « leaf(S), bag(s, At, Fd),a Ak, solve(s,Y,FY,C? AC, FC), a [LY],
FY = {f A | rhs(f) YT}, AC = C°\ {a}.

By the intended meaning sblvel and by the properties of the PRIMALITY algorithm
in Section 5.2, we immediately get the following result. As &s the upper bound on the
complexity is concerned, note that a ground progRnequivalent to the prograid for
the PRIMALITY enumeration problem has essentially the deskze of a ground program
for the PRIMALITY decision problem. Hence, the upper boumdioe complexity carries
over from Theorem 5.3.

Theorem 5.4 The monadic predicatarime () as defined above selects precisely the prime
attributes. Moreover, for any schenfR, F) and tree decomposition of width at most
w, the program can be evaluated in tif@g4 (s ») R, F)|).

Note that in all programs presented in Section 5, we congigetree decomposition as
part of the input. It has already been mentioned in Secti@rttiat, in theory, for every
given valuew = 1, it can be decided in linear time (w.r.t. the size of the ingiaticture),
if some structure has treewidth at mest Moreover, in case of a positive answer, a tree
decomposition of widthv can also be computed in linear time, see [Bodlaender 1996]. W
have also mentioned in Section 2.2, that the practical lrsefg of this linearity is limited
due to excessively big constants [Koster et al. 2001]. Atrany, the improvement of tree
decomposition algorithms is an area of very active reseandrconsiderable progress has
recently been made in developing heuristic-based treendgasition algorithms [Koster
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#Att | #FD | #tn | MD | MONA
3 1 3| 01 650

6 2 12| 0.2 9210

9 3 21| 04 17930

12 4 34| 05 -
21 7 69 | 0.8 -
33 11| 105 | 1.0 -
45 15| 141 | 1.2 -
57 19| 193 | 1.6 -
69 231 229 | 1.8 -
81 27| 265 | 1.9 -
93 31301 22 -

WwWwWwwwwwwowowws

Table I. Processing Time in ms for PRIMALITY.

et al. 2001; Bodlaender and Koster 2006; van den Eijkhof €2@07; Bodlaender and
Koster 2008].

6. IMPLEMENTATION AND RESULTS

To test our new datalog programs in terms of their scalghilith a large number of at-
tributes and rules, we have implemented the PRIMALITY papgrfrom Section 5.2 in
C++. The experiments were conducted on Linux kernel 2.6.it an 1.60GHz Intel

Pentium(M) processor and 512 MB of memory. We measured theegsing time of the
PRIMALITY program on different input parameters such asrnhenber of attributes and
the number of FDs. The treewidth in all the test cases was 3e Nawever that the ap-
plicability of our approach is not restricted to such a loeetvidth. In fact, in [Jakl et al.
2009], our approach has recently been adapted and appleedfacomplete problem in

the area of answer set programming. Even in this case, it W@srsthat our approach
scales up to the treewidth of 7 and 1000 nodes in the tree demsition.

Test data generation. Due to the lack of available test data, we generated a balance
normalized tree decomposition. Test data sets with inorgasput parameters are then
generated by expanding the tree in a depth-first style. We basured that all different
kinds of nodes occur evenly in the tree decomposition.

Experimental results. The outcome of the tests is shown in Table I, where tw stands fo
the treewidth; #Att, #FD, and #tn stand for the number oftaites, FDs, and tree nodes,
respectively. The processing time (in ms) obtained with@t# implementation following
the monadic datalog program in Section 5.2 are displayekdrcolumn labelled “MD”.
The measurements nicely reflect an essentially linear@seref the processing time with
the size of the input. Moreover, there is obviously no bigithén” constant which would
render the linearity useless.

In [Gottlob et al. 2006a], we proved the FPT of several nomatonic reasoning prob-
lems via Courcelle’s Theorem. Moreover, we also carriedsaume experiments with a
prototype implementation using MONA (see [Klarlund et @02]) for the MSO-model
checking. We have now extended these experiments with MGiNthe PRIMALITY
problem. The time measurements of these experiments avenshahe last column of
Table I. Due to problems discussed in [Gottlob et al. 2008&)NA does not ensure lin-
ear data complexity. Hence, all tests below line 3 of thegtédaled with “out-of-memory”
errors. Moreover, also in cases where the exponential datplexity does not yet “hurt”,
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our datalog approach outperforms the MSO-to-FTA approach factor of1000 or even
more.

Optimizations. In our implementation, we have realized several optimixetj which are
highlighted below.

(1) Succinct representation by non-monadic dataldg.was mentioned in the discus-
sion following Theorem 5.1, our datalog programs can bergsghas succinct representa-
tions of big monadic datalog programs. Such a monadic daglogram has essentially
the same size as the ground program obtained by computipgsdible ground instanti-
ations of the non-monadic datalog program (like in the piforheorems 5.1 and 5.3).
However, the non-monadic datalog program — combined with taounding [Palu et al.
2009] (i.e., computing the required ground instances oftald@ rule only when the data-
log rule is actually applied) — has the advantage that masgipke instantiations may never
have to be materialized since they are not “reachable” albadottom-up computation.
For instance, in the proof of Theorem 5.1, the upper bountiecomplexity was obtained
by considering all possible ground instantiations of tHesun Figure 5. However, sup-
pose that for some nodg in the tree decomposition, two vertices, vs in the bag ofs
must always be assigned different colors, i.e., irsalVe (s;, R, G, B)-facts derivable by
the programy; andv, are in different sets. Then the rules with healle (s, R’, G', B’)
for the parent nods of s; will never need a ground instantiation with andvs jointly
occurring in one of the seR’, G/, orB’.

(2) General optimizations and lazy grounding [Radt al. 2009].In principle, our im-
plementation is based on the general idea of groundingwelibby an evaluation of the
ground program. This corresponds to the general technigeiegure linear time data com-
plexity, cf. Theorem 4.5. As mentioned above, a further iovpment is achieved by the
natural idea of generating only those ground instancede$ mhich actually produce new
facts.

(3) Problem-specific optimizations of the nhon-monadic dat@rograms.In the para-
graph below Theorem 5.1, we have already mentioned thatttaéod) programs presented
in Section 5 incorporate several problem-specific optitiors. The underlying idea of
these optimizations is that many transitions which are kegutk of by the generic con-
struction in the proof of Theorem 4.6 (and, likewise, in th&O®Ho-FTA approach) will
not lead to a solution anyway. Hence, they are omitted in ataldg programs right from
the beginning.

(4) Language extension#\s was mentioned in Section 5, we are using language con-
structs (in particular, for handling sets of attributes &fMak) which are not part of the
datalog language (nevertheless they may be supported bpdangines like the DLV-
Complex extension of the DLV-system [Leone et al. 2006]).ptimciple, they could be
realized in datalog. Nevertheless, we preferred an efticieplementation of these con-
structs directly on C++ level. Further language extensemesconceivable and easy to
realize.

(5) Further improvementsWe are planning to implement further improvements. For
instance, we are currently applying a strict bottom-upititn as we compute new facts
solve(v,...). However, some top-down guidance in the style of magic se@ssnot to
compute all possible such facts at each level would be ddsirdNote that ultimately, at
the root, only facts fulfilling certain conditions (like I'Yl, etc.) are needed in case that
an attributea is indeed prime.
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7. CONCLUSION

In this work, we have proposed a new approach based on modatiitog to tackle a
big class of fixed-parameter tractable problems. Theailgtjove have shown that every
MSO-definable unary query over finite structures of boundeeltidth is also definable in
monadic datalog. In fact, the resulting program even liesparticularly efficient fragment
of monadic datalog. Practically, we have put this approacldrk by applying it to the
3-Colorability problem and the PRIMALITY problem in caselmfunded treewidth. The
experimental results thus obtained look very promisingeyTiinderline that datalog with
its potential for optimizations and its flexibility is cldamvorth considering for this class
of problems.

Recall that the PRIMALITY problem is closely related to arpiontant problem in the
area of artificial intelligence, namely the relevance peablof propositional abduction
(i.e., given a system description in form of a propositioclausal theory and observed
symptoms, one has to decide if some hypothesis is part of silpesxplanation of the
symptoms). Indeed, if the clausal theory is restricted finie Horn clauses and if we are
only interested in minimal explanations, then the releegproblem is basically the same
as the problem of deciding primality in a subscheRfa [CR. Extending oumprime()
program (and, in particular, thedlve ()-predicate) from Section 5 so as to test primality
in a subschema is rather straightforward. On the other hexténding such a program
to abduction with arbitrary clausal theories (which is oa #econd level of the polyno-
mial hierarchy, see [Eiter and Gottlob 1995]) is much mox®ived. A monadic datalog
program solving the relevance problem also in this generse evas presented in [Gottlob
et al. 2008].

Our datalog program in Section 5 was obtained by an ad hodreatisn rather than
via a generic transformation from MSO. Nevertheless, wecareinced that the idea of
a bottom-up propagation of certain conditions is quite galheapplicable. We are there-
fore planning to tackle many more problems, whose FPT wabkshied via Courcelle’s
Theorem, with this new approach. We have already incorpdredme optimizations into
our implementation. Further improvements are on the wapdmicular, further heuristics
to prune irrelevant parts of the search space).
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