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The semantics of most logics of time and probability is given via a probability distribution over
“threads” where a thread is a structure specifying what will be true at different points in time
(in the future). When assessing the probabilities of statements such as “Event a will occur within
5 units of time of event b”, there are many different semantics possible, even when assessing the
truth of this statement within a single thread. We introduce the syntax of annotated probabilistic
temporal (APT) logic programs and axiomatically introduce the key notion of a frequency func-
tion (for the first time) to capture different types of intra-thread reasoning, and then provide a
semantics for intra-thread and inter-thread reasoning in APT logic programs parameterized by
such frequency functions. We develop a comprehensive set of complexity results for consistency
checking and entailment in APT logic programs, together with sound and complete algorithms
to check consistency and entailment. The basic algorithms use linear programming, but we then
show how to substantially (and correctly) reduce the sizes of these linear programs to yield better
computational properties. We describe a real world application we are developing using APT logic
programs.

Categories and Subject Descriptors: 1.2.4 [Knowledge Representation Formalisms and
Methods]: Temporal Logic; 1.2.3 [Deduction and Theorem Proving]: Probabilistic Rea-
soning

General Terms: Algorithms, Languages

Additional Key Words and Phrases: Probabilistic and Temporal Reasoning, Threads, Frequency
Functions, Imprecise Probabilities

1. INTRODUCTION

There are numerous applications where we need to make statements of the form
“Formula G becomes true with 50 — 60% probability 5 time units after formula
F became true.” We now give four examples of how such statements might be
applied.

Stock Market Prediction. There is ample evidence [Fujiwara et al. 2008] that re-
ports in newspapers and blogs [De Choudhury et al. 2008] have an impact on stock
market prices. For instance, major investment banks invest a lot of time, effort and
money attempting to learn predictors of future stock prices by analyzing a variety
of indicators together with historical data about the values of these indicators. As
we will show later in Figure 1, we may wish to write rules such as “The probability
that the stock of company C will drop by 10% at time (T4 2) is over 70% if at time
T, there is a news report of a rumor of an SEC investigation of the company and
(at time T') there is a projected earnings increase of 10%. It is clear that such rules
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(1) scandal ¥ _scandal : [1,0.89,0.93,0.8,1.0]
For a given sequence of events, if there is a scandal in the headlines, this will be
followed by there not being a scandal in 1 time unit with probability [0.89,0.93].

(2) sec_rumor A earn_incr(10%) it stock_decr(10%) : [2,0.65,0.97,0.7, 1.0]
For a given sequence of events, if there is a rumor of an SEC investigation and
an earnings increase of 10%, then the stock price will decrease by 10% in exactly
2 time units frequency range [0.7,1.0] and probability [0.65,0.97].

(3) sec_rumor Aearn_incr(10%) it stock_decr(10%) A cfo_resigns : [2,0.68,0.95,0.7,0.8]
For a given sequence of events, if there is a rumor of an SEC investigation and an
earnings increase of 10%, this will be followed by a stock price decrease of 10%
and the CFO resigning in exactly 2 time units with a frequency range [0.7,0.8]
and probability bounds [0.68,0.95].

Fig. 1. Kstock, an APT-Logic Program modeling the behavior to reactions of stock-related news
feeds. As all of these rules are constrained, this is a constrained program. The English translation
of each rule is also provided.

can be learned from historical data using standard machine learning algorithms.
Financial companies have the means to derive large sets of such rules and make
predictions based on them.

Reasoning about Terror Groups. Our group has extensively dealt with historical
data on over 40 terrorist groups from the Minorities at Risk project [Wilkenfeld
et al. 2007] and has published detailed analyses of some of these groups’ behaviors
(Hezbollah [Mannes et al. 2008] and Hamas [Mannes et al. 2008]). Our SOMA
Terror Organization Portal [Martinez et al. 2008b] has registered users from over
12 US government agencies and contains thousands of (automatically) extracted
rules about the behaviors of these groups. For such groups, we might want to say:
“Hezbollah targets domestic government security institutions/lives with a proba-
bility of 87 to 97% within 3 years (time periods) of years when their major orga-
nizational goals were focused on eliminating ethnic discrimination and when repre-
senting their interests to government officials was a minor part of their strategy.”
Figure 2 provides a list of such rules associated with Hezbollah. Clearly, analysts
all over the world engaged in counter-terrorism efforts need to be able to reason
with such rules and make appropriate forecasts; in separate work, we have also done
extensive work on making such forecasts [Martinez et al. 2008a; 2009].

Reasoning about Trains. All of us want to reason about train schedules and plane
schedules. More importantly, railroad companies, airlines, and shipping companies
have an even more urgent need to do such reasoning as it directly impacts their
planning process. In such settings, a railroad company may learn rules of the form
“If train 1 is at station A at time T, then it will be at station B at time (T +4) with
over 85% probability.” Once such rules are learned from historical data, various
types of reasoning need to be performed in order for the railroad company to make
its plans. Figure 3 shows a small toy example of rules associated with trains.

Reasoning about a Power Grid. Utility companies need to reason constantly about
power grids. Decisions about which lines and transformers should be repaired next
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are based not only on the costs of these repairs, but also when these components
are likely to fail, and many other factors. Thus, for example, a power company may
derive rules of the form “if the transformer ¢r and power line [n are functioning
at time T, then there is a probability of over 95% that they will continue to be
functioning at time (T + 3). Figure 4 shows a small toy example of rules associated
with power grids.

(1) (INTERORGCON =1) kA (ARMATTACK =1) : [2,0.85,0.95]
Armed attacks are carried out within two years of inter-organizational conflicts
arising, with probability between 0.85 and 0.95.

(2) (DIASUP = 0) A (MILITIAFORM = 2) & (KIDNAP =1) : [3,0.68,0.78]
Kidnappings are carried out within three years when no support from diaspora is
received, and Hezbollah has a standing military wing, with probability between
0.68 and 0.78. ,

(3) (ORGST2=1) A (ORGDOMGOALS =1) kA (DSECGOV =1) : [3,0.87,0.97]
Domestic government/state lives and security are targets of terrorism within
three years if Hezbollah represents interests to officials as a minor strategy, and
its major organizational goals are focused on eliminating discrimination, with
probability between 0.87 and 0.97.

(4) (ORGST4 =1) A (INTERORGCON = 1) A (MILITIAFORM = 1)

< (BOMB = 0) : [1,0.56, 0.66]
Hezbollah does not carry out bombings within the following year if it solicits
external support as a minor strategy, there are inter-organizational conflicts, and
its military wing is being created, with probability between 0.56 and 0.66.

Fig. 2. A sample of the rules extracted by APT-Extract from the Hezbollah dataset. The atoms
in the rules are represented as a variable and its value. A plain English explanation of each rule
is also provided.

The examples above illustrate the syntax of an APT-logic program; we will give
the formal details as we develop the technical material in the paper. While it is
possible for designers to write such programs manually, we expect that machine
learning programs can be used to automatically learn such programs from histor-
ical data using standard machine learning algorithms, as we did previously in our
work on ap-programs [Khuller et al. 2007]. Though this is not claimed as a major
contribution of this paper, in order to show that it is possible to automatically learn
APT-programs, we have developed a simple algorithm called APT-Extract and used
it to learn models of certain behaviors exhibited by 18 terror groups.

This paper proceeds as follows. In Section 2 we introduce the syntax and se-
mantics of APT-logic programs, including a quick treatment of our notion of a
frequency function, a structure unique to APT-logic. In Section 3 we introduce sev-
eral methods to check consistency of APT-logic programs, along with appropriate
complexity analysis. We introduce several algorithms for consistency checking: one
that straightforwardly applies the semantics, one that exploits the relationships be-
tween formulas in the heads and bodies of APT-rules, and one that works only on
specific sorts of APT-rules but often offers substantial speedup when it is possible.
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at_station(trainl, stnA) & at_station(trainl,stnB) : [4,0.85, 1]
If train 1 is at station A, train 1 will be at station B within 4 time units with a
probability bounded by [0.85,1.00]

at_station(trainl, stnB) A at_station(trainl, stnC) : [2,0.75,0.9]
If train 1 is at station B, train 1 will be at station C in exactly 2 time units with
a probability bounded by [0.75, 0.90]

at_station(trainl, stnA) A at_station(train2,stnB) : [1,0.95, 1]

If train 1 is at station A, train 2 will be at station B in exactly 1 time units with
a probability bounded by [0.95,1.00]

at_station(trainl,stnA) : [1,0.5,0.5]

For a given sequence of events, train 1 will be at station A at time period 1 with
a probability of 0.50.

at_station(train2, stnA) : [2,0.48,0.52]

For a given sequence of events, train 2 will be at station A at time period 2 with
a probability bounded by [0.48, 0.52].

Fig. 3. Kyrain an APT-Logic Program modeling rail transit. Items 1-3 are APT-Rules while
items 4-5 are annotated formulas. The English translation of each rule is also provided.

func(In) 2 —func(ln) : [1,0.05, 0.1]
If the power line is functional, in exactly 1 time unit it will be non-functional
with a probability bounded by [0.05,0.10]

—func(In) & func(In) : [2,0.99, 1]
If the power line is not functional, within 2 time units it will functional with a
probability bounded by [0.99,1.00]

func(tr) A func(ln) A —(func(tr) A func(ln)) : [1,0.025, 0.03]

If the transformer is functional and the line is functional, then in exactly 1
time unit, at least one of them is not functional with a probability bounded
by [0.025,0.030]

= (func(tr) A func(In)) 2 func(tr) A func(In) : [3,0.95, 1]

If the transformer and/or the line is not functional, then within 3 time units,
they both are functional with a probability bounded by [0.95,1.00]

func(tr) A func(In) : [1,0.8,0.95]

For a given sequence of events, the transformer and the power line are functional
at the first time point with a probability bounded by [0.80, 0.95].

Fig. 4. Kpower an APT-Logic Program modeling a power grid. Items 1-4 are APTRules, while
item 5 is an annotated formula. The English translation of each rule is also provided.
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General Complexity Results
Problem [ Complexity Reference
Consistency of Single Unconstrained Rule NP-complete | Thm 3.2
Consistency of Single Constrained Rule NP-complete | Thm 3.4
Consistency of a mixed PCD Program with Guaranteed Thm 3.7
additional restrictions on lower probability bounds | consistent
Entailment of an annotated formula by an program | coNP-hard Thm 4.2

Table I.  Summary of General Complexity Results

Type of Linear Number of Number of | Cost of Identifying Equivalence Classes
Constraints Constraints | Variables

SLC 2IK| +1 1B tmar (equivalence classes not used)

WELC 2|K[ +1 22KTbmas 10 (22IKT+B2)

FELC using BFECA 2K +1 2IK] O (2IBeltmar . F(tmaz) - |K])

to identify classes

FELC using WEFE 21K + 1 2IK] O (22K tmas - ¢4 - |K|) +

to identify classes O (22|’C|+B£)

FELC w. 21K+ 1 PI (equivalence classes guaranteed)

PCD restrictions on

Table II. Comparison of Linear Constraints for Consistency, see Section 3

These techniques can also be applied to the problem of entailment, which is covered
in Section 4. In Section 5, we explore some applications of APT-logic programs
and finally, we spend a great deal of effort in Section 6 distinguishing this logic
from other probabilistic logics. In particular, we examine the relationship between
APT-logic programs and Markov Decision Processes (MDPs for short) [Puterman
1994], showing that one can create APT-logic programs “equivalent” to a given
MDP and policy, but under natural assumptions, there is no MDP “equivalent”
to certain APT-logic programs. We further address the relationship between APT-
logic and a well known logic called Probabilistic Computation Tree Logic (PCTL
for short) [Hansson and Jonsson 1994a] and provide examples demonstrating that
PCTL cannot express various things expressible in APT-logic programs.

The entire set of complexity results for APT-logic programs derived in this paper
is summarized in Table I. Consistency of APT-logic programs is determined by
solving certain linear programs. In this paper, we develop successively more so-
phisticated linear programs that try to use different types of “equivalence classes”
to collapse multiple variables in the linear program into one variable; Table II sum-
marizes the main results related to linear program size reduction for consistency
checking. Table II also provides an analogous summary related to reduction of size
of the linear program when considering entailment by APT-logic programs.

2. APT-LOGIC PROGRAMS

In this section, we will first define the syntax of APT-logic programs, and then
define the formal semantics.
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[ Algorithm [ Intuition [ Reference

SLC-ENT Determining both the minimization and maximization | Section 4
of a constraint wrt SLC
ALC-ENT Determining both the minimization and maximization | Section 4
of a constraint wrt FELC or WELC

Table ITII. Comparison of Linear Constraints for Entailment

2.1 Syntax

We assume the existence of a first order logical language £, with a finite set L ons
of constant symbols, a finite set Lp.q of predicate symbols, and an infinite set
Lyqr of variable symbols. Each predicate symbol p € L,,eq has an arity (denoted
arity(p)). A (ground) term is any member of L ons ULyar (resp. Leons); if t1,..., 1ty
are (ground) terms, and p € Lpeq, then p(t1,...,t,) is a (resp. ground) atom. A
formula is defined recursively as follows.

Definition 2.1. A (ground) atom is a (ground) formula. If f; and f> are (ground)
formulas, then f1 A fa, f1 V fa, and —f; are (ground) formulas. |

We use B to denote the Herbrand base (set of all ground atoms) of L. It is easy
to see that B, is finite.

We assume that all applications reason about an arbitrarily large, but fixed size
window of time, and that 7 = {1,...,tme} denotes the entire set of time points
we are interested in. t,,4; can be as large as an application user wants, and the
user may choose his granularity of time according to his needs. For instance, in the
stock market and power grid examples, the unit of time used might be days, and
tmaz may be arbitrarily set to (say) 1,095 denoting interest in stock market and
power grid movements for about 3 years. In the case of the train example, however,
the unit of time might be seconds, and the application developer might set t,,4, to
93,600, reflecting that we are only interested in reasoning about one day at a time,
but at a temporal resolution of one second. In the case of the terrorism application,
on the other hand, our temporal resolution might be one month, and ¢,,,, might
be 360 reflecting an interest in events over a 30-year time span.

Definition 2.2 Annotated Formula. If F' is a formula, ¢t € 7 is a time point, and
[¢,u] is a probability interval, then F': [t, ¢, u] is an annotated formula. |

Intuitively, F : [t, ¢, u] says F will be true at time ¢ with probability in [, u].!

EXAMPLE 2.1. Let us reconsider the program Kipein from Figure 3. The anno-
tated formula at_station(trainl, stnB) : [4,0.85, 1] says that the probability that trainl
will be at station stnB at time point 4 is between 85 and 100%.

Throughout this paper, we assume the existence of a finite set F of symbols called
frequency function symbols. Each of these symbols will denote a specific “frequency
function” to be defined later when we define our formal APT semantics. We are now

1 Assumption: Throughout the paper we assume, for both annotated formulas and APT-rules,
that the numbers ¢, u can be represented as rationals a/b where a and b are relatively prime and
the length of the binary representations of a and b is fixed.
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ready to define the syntax of Annotated Probabilistic Temporal (APT for short)
rules and logic programs which will form the main topic of study for this paper.

Definition 2.3 APT Rule. Let F', G be two formulas, At be a time interval, £, u
be a probability interval, fr € F be a frequency function symbol and «, 8 € [0, 1].

(1) F La: [At, ¢, u] is called an unconstrained APT rule.
(2) F AN G : [At, L, u, o, (] is called a constrained APT rule.

An APT logic program is a finite set of APT rules and annotated formulas. |

Note that we use the symbol > for unconstrained APT rules with frequency func-

tion symbol fr, while the symbol 0 is used for constrained rules with frequency
function fr. The formal semantics of these rules is quite complex and will be ex-
plained shortly. But informally speaking, both types of rules try to check the
probability that a formula F' is true At units before a formula G becomes true.

Figures 1, 2, 3, and 4 respectively show the APT-logic programs associated with
our stock market, counter-terrorism, trains, and power grid applications. We now
define three types of APT-logic programs.

Definition 2.4 Types of APT-Logic Programs.

e An unconstrained APT-Logic Program consists only of unconstrained APT-rules.
o A constrained APT-Logic Program consists only of constrained APT-rules.

o A mized APT-Logic Program consists both of constrained and unconstrained
APT-rules. |

From this example, we see that Kstock is a constrained APT-logic program, Kipgins,
Kpower, and Kyerror are unconstrained APT-logic programs.>

2.2 Semantics of APT-logic programs

In this section, we will provide a formal declarative semantics for APT-logic pro-
grams. As the syntax of these programs is quite complex, we will do this one step
at a time. We start with the well known definition of a world.

Definition 2.5. A world is any set of ground atoms. |

The power set of B, (denoted 282) is the set of all possible worlds. Intuitively, a
world describes a possible state of the (real) world or real world phenomenon being
modeled by an APT-logic program. The following are examples of worlds:

EXAMPLE 2.2. Consider the atoms present in the program Ktrain from Fig-
ure 3. A few possible worlds are: {at_station(trainl,stnA), at_station(train2,stnB)},
{at_station(trainl,stnB)}, and {}.

As worlds are just ordinary Herbrand interpretations [Lloyd 1987], we use w = F
to denote the standard definition of satisfaction of a ground formula F' by world w
as expressed in [Lloyd 1987].

2Notably absent from the types of APT-Logic Programs described above are annotated formulas.
We will show later in Theorem 2.20 that APT-rules can be used to express annotated formulas
and hence there is no loss of expressive power.
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Th(1) = {at_station(trainl, stnA)}, Th(2) = {},

Th(3) = {}, Th(4) = {at_station(trainl, stnB)},
Th(5) = {}, Th(6) = {at_station(trainl,stnC)},
Th(7) = {}, Th(8) = {at_station(trainl,stnB)},
Th(9) = {}, Th(10) = {at_station(trainl,stnA)}

Fig. 5. Example thread for the train scenario from Figure 3, where only one train is present.

Definition 2.6 Satisfaction of a formula by a world. Let f be a ground formula
and w be a world. We say that w satisfies f (denoted w = f) iff:

o If f = a for some ground atom a, then a € w.

o If f = —f' for some ground formula f’ then w does not satisfy f’.

o If f = f1 A fo for formulas fi and fo, then w satisfies f; and w satisfies f.

o If f = f1 V fo for formulas f; and fo, then w satisfies fi or w satisfies fa. ]

We say a formula f is a tautology if for all w € 282, w = f. We say f is a
contradiction if for all w € 284, w = —f.

A thread, defined below, is nothing but a standard temporal interpretation [Emer-
son and Halpern 1984; Lamport 1980] in temporal logic.

Definition 2.7 Thread. A thread is a mapping Th : {1,...,tmaz} — 25%. |

Th(i) implicitly says that according to the thread Th, the world at time ¢ will be
Th(i). We will use 7 to denote the set of all possible threads, and Thy to denote
the “null” thread, i.e., the thread which assigns ) to all time points.

EXAMPLE 2.3. Consider the train scenario shown in Figure 8 and the worlds
described in Example 2.2. Let T = {0,...,9} represent one-hour time periods in
a day from 9:00am to 6:00pm, i.e., 0 represents 9-10am, 1 represents 10-11am,
and so forth. Figure 5 shows a sample thread for this setting, where only one
train is present. According to this thread, the train is at station A at 9 o’clock; at
10 o’clock the thread has an empty world, since the train is still between stations,
reaching station B at 12. The thread shows how the train moves throughout the rest
of the day.

A thread represents a possible way the domain being modeled (e.g., where the
train is) will evolve over all time points. A temporal probabilistic (tp) interpretation
gives us a probability distribution over all possible threads.

Definition 2.8 Temporal-Probabilistic Interpretation. A temporal-probabilistic (tp)
interpretation I is a probability distribution over the set of all possible threads, i.e.,

Y oner L(th) = 1. ]

Thus, a tp-interpretation I assigns a probability to each thread. This reflects the
probability that the world will in fact evolve over time in accordance with what the
thread says about the state of the world at various points in time.

ExXAMPLE 2.4. Consider once again the setting of Figure 3. A wvery simple ex-
ample of a tp-interpretation is the probability distribution that assigns probability 1
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Th(1) Th(2) Th(3) Th(4) Th(5) Th(6) Th(7) Th(8)

Fig. 6. Example thread, Th with worlds Th(1),..., Th(8). This figure shows each world that
satisfies formula F' or formula G.

to the thread from Figure 5 and 0 to every other possible thread. Amnother exam-
ple would be a distribution that assigns probability 0.7 to the thread from Figure 5
and 0.3 to the thread Th' defined as follows: (Th'(1) = {at_station(trainl,stnA)},
Th'(2) = {}, Th'(3) = {}, Th'(4) = {}, Th'(5) = {at_station(trainl,stnB)},
Th' (6) = {atstation(trainl,stnC)}, Th'(7) = {}, Th'(8) = {at_station(trainl,stnB)},
Th'(9) = {}, Th'(10) = {at_station(trainl,stnA)}); this thread specifies that the
train’s trip from station A to station B takes one time unit longer than specified by
the previous thread (Th).

We now define what it means for a tp-interpretation to satisfy an annotated formula.

Definition 2.9 Satisfaction of an Annotated Formula. Let F : [t,{,u] be an an-
notated formula, and I be a tp-interpretation. We say that I satisfies F' : [t, ¢, u],
written [ |= F': [t, €, u], if € <370y cq gy yer L(Th) < |

Thus, to check if I satisfies F : [t, £, u], we merely sum up the probabilities assigned
to those threads Th € 7 which make F true at time ¢. If this sum is in [£, u] then
T satisfies F : [t, £, u].

2.3 Frequency Functions

When defining the syntax of APT-logic programs, we defined frequency function
symbols. Each frequency function symbol denotes a frequency function. The basic
idea behind a frequency function is to represent temporal relationships within a
thread. For instance, we are interested in the frequency with which G will be true
At units after F' is true. When we study this w.r.t. a specific thread Th, we need
to identify when F' was true in thread Th, and whether G really was true At units
after that. For instance, consider the thread shown in Figure 6. Here, F' is true at
times 1, 3, 6, and 8. G is true at times 2, 4, 5, and 7. F and G should be true at
the times indicated above.

e The probability (within the thread of Figure 6) that G follows F' in ezactly two
units of time is 0.33 if we ignore the occurrence of F at time 8. If, on the other
hand, we do count that occurrence of F at time 8 (even though no times beyond
that are possible), then the probability that G follows F in ezactly two units of
time is 0.25.

e The probability that G follows F' in at most 2 units of time is 100% if we ignore
the occurrence of F' at time 8; otherwise it is 0.75.

Each of these intuitions leads to different ways to measure the frequency (within
a thread) with which G follows F. As we will show shortly, many other possibil-
ities exist as well. To the best of our knowledge, no past work on reasoning with
time and uncertainty deals with frequencies within threads; as a consequence, past
works are not able to aggregate frequencies across multiple threads in T or w.r.t.
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tp-interpretations. This capability, we will show, is key for the types of applications
described in the Introduction of this paper.

We see above that there are many different ways to define this frequency from a
given body of historical data. Rather than make a commitment to one particular
way and in order to allow applications and users to select the frequency function
that best meets their application needs, we now define axioms that any frequency
function must satisfy. Later, we will define some specific frequency functions.?

Definition 2.10 Frequency Function. Let Th be a thread, F' and G be formulas,
and At > 0 be an integer. A frequency function fr is one that maps quadruples of
the form (Th, F, G, At) to [0, 1] such that it satisfies the following axioms:

(FF1) If G is a tautology, then fr(Th, F, G, At) = 1.

(FF2) If F is a tautology and G is a contradiction, then fr(Th, F, G, At) = 0.
(FF3) If F is a contradiction, fr(Th, F, G, At) = 1.

(FF4) If G is not a tautology, and either F or =G is not a tautology, and F' is not a
contradiction, then there exist threads Thy, The € T such that fr(Thq, F,G,At) =0
and fr(The, F, G, At) = 1. [ ]

Axiom FF1 says that if G is a tautology, then fr(Th, F, G, At) must behave like
material implication and assign 1 to the result. Likewise, if F is a tautology and G
is a contradiction, then FF2 says that fr(Th, F), G, At) must behave like implication
and have a value of 0 (A — B is false when A is a tautology and B is a contradic-
tion). Axiom FF3 requires fr(Th, F, G, At) to be 1 when F is a contradiction, also
mirroring implication. Axiom FF4 ensures that in all cases not covered above, the
frequency function will be non-trivial by allowing at least one thread that perfectly
satisfies (probability 1) and perfectly contradicts (probability 0) the conditional.
Note that any function not satisfying Axiom FF4 can be made to do so as long
as it returns distinct values: simply map the lowest value returned to 0 and the
highest value returned to 1. We now give examples of two frequency functions.

Definition 2.11 Point Frequency Function. Let Th be a thread, F' and G be for-
mulas, and At > 0 be an integer. A Point Frequency Function, denoted pfr(Th, F, G, At),
is defined as:

t: Th(t FATh(t+ At
(T 5. Ay — L THO | F A Thit+ A £ G
|{t : (t < tmam - At) A Th(t> ): F}|

If there is no t € [0, tymar — At] such that Th(t) = F then we define pfr to be 1.

The point frequency function expresses a simple concept: it specifies how frequently
G follows F' in At time points. Mathematically, this is done by finding all time
points from [1, ¢4, — At] at which F is true and of all such time points ¢, then
finding those for which G is true at time ¢+ At¢. The ratio of the latter to the former
is the value of pfr. The following lemma says that this is a valid frequency function.
Note that the denominator of the point frequency function does not include times

3Note: Throughout this paper, we will assume that frequency function for a given thread can be
computed in polynomial time (i.e. O(|Bz|:tmaz)). Additionally, we shall assume that a frequency
function will return number that can be represented as a rational number a/b where a and b are
relatively prime and the length of the binary represenations of a and b is fixed.
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Annotated Probabilistic Temporal Logic Programs . 11

where the thread satisfies I after ¢,,4,, — At because the “end of time” of our finite
time model comes before At units elapse after F' becomes true.

LEMMA 2.12. pfr satisfies Axioms FF1-FF.

ExXAMPLE 2.5 POINT FREQUENCY FUNCTION. Consider thread Th from Fig-
ure 5. Suppose we want to calculate pfr(Th, at_station(trainl, stnB), at_station(trainl, stnC), 2).
In English, this is the ratio of time at_station(trainl, stnB) is followed by at_station(trainl, stnC)
in two units of time in thread Th. We can see that at_station(trainl, stnB) is satisfied
by two worlds: Th(4) and Th(8). We also notice that Th(6) = at_station(trainl,stnC)
and Th(10) [~ at_station(trainl,stnC). Hence, the pfr is simply 0.5.

Our second type of frequency function, called an ezistential frequency function,
does not force G to occur exactly At units of time after F' is true. It can occur at
or before At units of time elapse after F' becomes true.

Definition 2.13 FExistential Frequency Function. Let Th be a thread, F and G
be formulas, and At > 0 be an integer. An Fxistential Frequency Function, denoted
efr(Th, F,G, At), is defined as follows:*

efn(Th, F,G, At,0, tmaz)
Ht: (t < timaz — At) A Th(t) = F}H + efn(Th, F, G, At, tmes — At tmaz)
If the denominator is zero (if there is no ¢t € [0, tpqar — At] such that Th(t) = F
and efn(Th, F,G, At t e — At tmae:) = 0) then we define efr to be 1.

efr(Th, F,G,At) =

Note that in the denominator of efr, after time t,,,, — At, we only count satis-
faction of F if it is followed by satisfaction of G within [t;ae — At timas]-

LEMMA 2.14. efr satisfies Axzioms FF1-FFJ.

The point frequency function expresses what is desired in situations where there
is a precise temporal relationship between events (i.e., if one drops an object from
a height of 9.8 meters in a vacuum, it will hit the ground in exactly v/2 seconds).
However, it can be very brittle. Consider mail delivery where one knows a package
will arrive in at most 5 business days 95% of the time. The existential frequency
function efr allows for the implied condition to fall within some specified period of
time rather than after exactly /2 seconds as before.

EXAMPLE 2.6 EXISTENTIAL FREQUENCY FUNCTION. Consider thread Th' from
Example 2.4. Suppose we want to calculate

efr(Th', at_station(trainl, stnB), mat_station(trainl, stnC), 2).

In English, this is the ratio of times that at_station(trainl,stnB) is followed by
—at_station(trainl,stnC) in two units of time in thread Th'. We can see that for-
mula at_station(trainl, stnB) is satisfied by two worlds: Th'(5) and Th'(8). Consider
world Th'(6), which occurs one time unit after world Th'(5). We can easily see that
Th (6) £ —at_station(trainl,stnC). However, Th'(T), two units later, does satisfy
—at_station(trainl,stnC). As Th'(9) also satisfies —at_station(trainl,stnC), we have

4Where efn(Th, F,G,At,t1,t2) = |{t : (t1 < t < t2) and Th(t) = F and there exists t' €
[t + 1, min(¢2,t + At)] such that Th(t') = G}|.
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a world within two time units after every world that satisfies at_station(trainl, stnB).
Hence, the efr is 1 in this case.

Properties of pfr: Because of the requirement for F5 to be satisfied after a spe-
cific At, pfr has several properties (all formulas F;, F» below are assumed to be
satisfiable).

(1) pfr(Th, F1, F5 V F3,At) > max(pfr(Th, Fy, F5, At), pfr(Th, F1, F5, At)) (valid
for efr as well)

(2) pf’r Th;FlaFQ /\_'F37At) = pfr(Th’vFlvFQ AFBvAt) —pr(Th,Fl,Fg,At)

(
(3) pfr(Th, F1, Fy,At) < pfr(Th, F1 A\ F3,Fy,At) = pfr(Th, Fy A —~F3, F5, At) <
pf’r(ThaFlaF%At)

(4) pr(ThaFlaFQ /\Fi’nAt) S m’l:’rL(pr(Th,Fl,F27At),pr(Th,F1,F3,At))

(5) If pfr(Th, F1, Fs, At) = a and pfr(Th, Fy, F3, At) = b then
pr‘(Th,Fl,FQ /\Fg,At) Z a—|—b— 1.

Properties of efr: efr satisfies all the properties that pfr has above. In addition,
efr has the property that:

efr(Th, Fy, Fy, At) > efr(Th, F1, F5, At — 1)
The following result provides some links between pfr and efr.
PrOPOSITION 2.15. Let Th be a thread, F' and G be formulas,
(1) Let Aty and Aty be two positive integers. If Aty < Aty, then:
pfr(Th, F,G,Aty) < efr(Th, F,G, Ats).
(2) Let At be a temporal interval. The following inequality always holds:

At
efr(Th, F,G, At) <> pfr(Th, F,G, i)

i=1
2.4 Satisfaction of Rules and Programs

We are now ready to define satisfaction of an Annotated Probabilistic Temporal
(APT) rule.

Definition 2.16 Satisfaction of APT rules. Let r be an APT rule with frequency
function fr and I be a tp-interpretation.

(1) Forr=F La: [At, ¢, u], we say that I satisfies r (denoted I =) iff
¢< > I(Th)-fr(Th,F,G,At) < u.

TheT

(2) Forr=F AR [At, 2, u, o, 0], we say that I satisfies r (denoted I |= ), iff
(< > I(Th) < u.

TheT,
a<fr(Th,F,G,At)<p8
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Intuitively, the unconstrained APT rule F a. [At, £, u] evaluates the probability
that F'leads to G in At time units as follows: for each thread, it finds the probability
of the thread according to I and then multiplies that by the frequency (in terms
of fraction of times) with which F is followed by G in At time units according to
frequency function fr. This product is a little bit like an expected value computation
in statistics where a value (frequency) is multiplied by a probability (of the thread).
It then sums up these products across all threads in much the same way as an
expected value computation.

On the other hand, in the case of constrained rules, the probability is computed
by first finding all threads such that the frequency of F' leading to G in At time
units is in the [o, 8] interval, and then summing up the probabilities of all such
threads. This probability is the sum of probabilities assigned to threads where the
frequency with which F leads to G in At time units is in [a, 8]. To satisfy the

constrained APT rule F AN G : [At, ¢, u, «, 8], this probability must be within the
probability interval [¢, u).

EXAMPLE 2.7. Coming back to the train scenario from Figure 3, the following
is an example of an unconstrained rule (ri) and a constrained rule (ry):

rq : at_station(trainl,stnC) & at_station(trainl,stnB) : [2,0.85, 1]
o @ at_station(trainl,stnB) & at_station(train1,stnC) : [2,0.9,1,0.5,1]

Consider the second tp-interpretation from Ezample 2.4, which we will call I. By
analyzing the two threads considered possible by I, it is clear that I |= 11, since both
threads have the property that after being at station C the train reaches station B
within two time units, and thus the probability of this event is 1. A similar analysis
leads us to confirm that I = rq, but we must now verify that the constraints placed
by the rule on the threads hold; these constraints require that at least half of the times
in which the train is at station B, station C be reached within 2 time units. This
is indeed the case, since the train stops twice at station B, once going towards C
and once going towards A on its way back. As before, the sum of probabilities of
reaching the station within 2 time units is 1. Finally, consider the rule:

r3 : at_station(trainl,stnA) & at_station(train1,stnC) : [2,0.5,0.6)

Clearly, I [~ r3, since neither of the threads considered possible by the tp-interpretation
satisfy the condition that the train reaches station C within two time units of being
at station A.

The following proposition says that any tp-interpretation that satisfies certain
kinds of constrained or unconstrained APT-logic programs also satisfies a certain
APT rule that can be easily constructed from the APT-rules in the original APT-
logic program.

ProPOSITION 2.17. Let I be a temporal interpretation, F' and G be formulas,
and At be a temporal interval.

(1) IfT = UiA:t1 {F@ G: [i,ﬁi,ui}} then I = ra. [At,maw(&),min (Zf:tl ui,l)}.
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f
(2) IfI E F <G [At, 4, up, a,b] then Yag, by, ay, b, such that ap < a < ay
fi fi

and by < b < b, we have I = F 4G [At,¢,,1,a0,b,) and I = F 4G

[Ata 07 Upy Gy s bf]
Note that in unconstrained APT-rules, the ¢, u probability bounds account for the
frequency function as well. In the case of constrained APT-rules, the ¢, u probability
bounds do not account for the frequency function. We now show that using a special

frequency function called a query frequency function, we can use constrained and
unconstrained rules to express annotated formulas.

Definition 2.18 Query Frequency Function. Let Th be a thread, F' and G be for-
mulas, and At > 0 be an integer. A query frequency function, denoted ¢fr(Th, F, G, At)
is defined as follows:

(1) If G is a tautology then qfr(Th, F,G,At) =1
(2) If F is a tautology and G is a contradiction, then ¢fr(Th, F,G,At) =0
(3) If F is a contradiction then ¢fr(Th, F,G,At) =1
(4) If Th(1) = F and Th(At) = G then qfr(Th, F,G,At) =1
(5) Else, ¢fr(Th,F,G,At) =0 |
The following result shows that gfr is a valid frequency function.
LEMMA 2.19. ¢fr satisfies Azioms FF1-FF.

qfr allows us to construct constrained and unconstrained rules that are equivalent
to arbitrary annotated formulas.

THEOREM 2.20. Let ¢ = Q : [t,4,u] be an annotated formula, and I be an
interpretation.

(1) For constrained rule r = TRUE Ei Q:[t,lu 1,1, IEqiff I =r.

(2) For unconstrained rule r = TRUE & Q:[t,lul, [ =Eqiff [ =r.
The following is an example of how an annotated formula can be expressed as a
rule using gfr.

ExAMPLE 2.8. Consider the train setting from Figure 3. One of the annotated
formulas given in this ezample was at_station(trainl,stnA) : [1,0.5,0.5]. By ap-
plying Theorem 2.20, this formula is equivalent to the constrained rule r1 and the
unconstrained rule ro:

r1 : TRUE & at_station(trainl,stnA) : [1,0.5,0.5,1,1]
rs : TRUE 4¥ at_station(train1, stnA) : [1,0.5, 0.5]

3. CONSISTENCY

3.1 Complexity of Consistency Checking

We are now ready to study the complexity of the problem of checking consistency
of APT-logic programs. We say that an APT-logic program K is consistent iff there
is a tp-interpretation I such that I |= K. Before stating complexity results, we
give results that hold for any frequency function and any APT-rule. The first result
follows from axioms FF1-FF4 on frequency functions.
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LeEMMA 3.1. Consider the APT-Program {r = F La [At, L, ul}.

(1) If G is a tautology, then {r} is consistent iff u = 1.
(2) If F is a tautology and G is a contradiction, then {r} is consistent iff { = 0.
(8) If F is a contradiction, then {r} is consistent iff u = 1.

(4)

If F is not a contradiction, G is not a tautology, and either F is not a tautology
or G is not a contradiction then {r} is consistent.

Using this lemma, we can show that for any unconstrained APT-rule, the problem of
determining if an APT-logic program consisting of just that APT-rule is consistent
using any frequency function is NP-complete.

THEOREM 3.2. Deciding the consistency of an APT-logic program containing a
single unconstrained APT-rule is NP-complete in the size of Br.

The proof of hardness above is by reduction from the SAT problem, while mem-
bership in NP relies on manipulating Lemma 3.1.

In deciding the consistency of a single constrained rule, we take a slightly dif-
ferent approach. The intuition is that if the lower probability bound is not zero,
we must have a thread whose frequency function value falls within [a, §]. Other-
wise, there is no thread available that would ensure a non-zero probability mass
as per the definition of satisfaction. The idea of classifying threads in this manner
for constrained rules comes into play later when we present consistency-checking
algorithms in Section 3.4.

LEMMA 3.3. Let K={r=F 5 G : [At, 4, u,«, (]} be a constrained APT-logic
program consisting of a single rule. IC is consistent iff at least one of the following
conditions hold.

e u =1 and there exists a thread Thy, such that o < fr(Th;,, F,G,At) < .

e { =0 and there exists a thread They: such that either a > fr( Thous, F, G, At) or
B < fr(Thout, F, G, At).

e There exists a thread Thg, such that o < fr(Th;,, F,G,At) < 8 and a thread
Thout such that either a > fr( Thout, F, G, At) or 8 < fr( Thout, F, G, At).

Lemma 3.3, used in conjunction with the frequency function axioms, allow us to
prove that deciding the consistency of a single constrained rule is also NP-complete.

THEOREM 3.4. Deciding the consistency of an APT-logic program containing a
single constrained APT-rule is NP-complete in the size of Br.

The NP-hardness of consistency checking for APT programs (whether constrained,
unconstrained, or mixed) with more than one rule follows trivially from Theo-
rems 3.2 and 3.4. We suspect that the problem of consistency checking for a general
APT program is not in NP.

However, if we assume that certain conditions hold, we can show that consistency
for an APT-logic program containing multiple APT-rules can be guaranteed. These
restrictions are termed Pre-Condition Disjoint, or PCD; intuitively, they refer to
an APT-Program such that there exists a unique world that satisfies exactly one of
the rule pre-conditions (the F' formulas). Hence, we say that the pre-conditions are
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“disjoint” from each other. Perhaps such conditions could be specified by a a tool
used to learn the rules from the data-set.

Definition 3.5 Pre-Condition Disjoint (PCD) APT-Logic Program. Let K be an
APT-Logic Program such that K = {rq,...,r,}, where r; = F; A G : [At;, 4, u;)

orr; = F; AN G; : [At;, b, u;, a4, 35]. K is Pre-Condition Disjoint (PCD) if the
following conditions hold true.

(1) Vi, if r; is constrained, then 3; = 1.

(2) Vi, At; > 1.

(3) Vi there exists a world w; such that w; |= F; and ¥j where j # i,w; = Fj.

(4) Vi, fr; is equal to either pfr, or efr.

(5) tmaz > |K| - mazx(At;) (where ¢4, is the length of each thread).

(6) 3 world wy such that Vi wy = F; and wy = G;.

(7) Vr; e K, u; = 1. [ |

While somewhat limiting, this restriction still allows APT-Logic Programs that are
useful. Consider the following example.

ExampLE 3.1. Consider the set of rules shown in Figure 3. These rules do not
constitute a PCD program for various reasons. For instance, the upper bound on
the probability of the second rule is not 1. Likewise, condition 3 is not satisfied
since the first and third rule have the same antecedent. However, the following set
of rules satisfies all of the conditions for being a PCD program:

at_stn(trnl,stnA) A mat_stn(trnl,stnB) A —at_stn(trnl,stnC) &
at_stn(trnl,stnB) : [4,0.85, 1]

at_stn(trnl,stnB) A —at_stn(trnl,stnA) A —at_stn(trnl,stnC) 2
at_stn(trnl,stnC) : [2,0.75, 1]
efr

at_stn(trnl,stnC) A —at_stn(trnl,stnA) A —at_stn(trnl,stnB) ~
at_stn(trnl,stnB) : [3,0.9,1]

Conditions 1, 2, 4, and 7 are trivially satisfied, and t,.. can be easily chosen
to satisfy condition 5. Condition 3 can be seen to hold by noting that no two
antecedents of rules can be satisfied at once. Finally, condition 6 holds since the
empty world does not satisfy any of the formulas involved in the rules.

The useful feature in a PCD program is that (based on the axioms) we are
guaranteed threads with certain frequency function values for each rule. Consider
Lemma 3.6 below, where for any subset of a given APT-program, we are guaranteed
the existence of a thread whose frequency is 1 according to the rules in the subset
and is 0 according to the other rules.

LEMMA 3.6. Consider APT-Program K = {ry,...,7i,...,rn} where r; = F; i

Gi[At;, L, usy a5, 3] or m; = F; 3 i o [Ati, 4, u;], depending on whether r; is
a constrained or unconstrained rule. If K is PCD, then for any disjoint parti-
tion of rules, K1, Ko, there exists a thread Th such that for all rules r; € Ky,
fri(Th, F;, G;, At;) = 1 and for all rules r; € Ko, fry(Th, F;, G;, At;) = 0.
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The PCD conditions add a “one-tailed” requirement (the first requirement of
Definition 3.5) to the constrained rules so that [ is always one. This allows us to
be guaranteed the existence of threads in the [a, 5] bounds. As it turns out, if the
lower bounds on the probabilities are less than a certain amount, we can create an
interpretation to guarantee the consistency of the PCD program.

THEOREM 3.7. For a mized PCD APT-Program K = {r1,...,74,...,mn}, if for

Kl-1
all ri, b; < ———
IR
In the appendix, we show how PCD assumptions can be leveraged for a significant
reduction in complexity for constrained APT-programs.

then KC is consistent.

3.2 Linear Constraints for Consistency Checking

A straightforward algorithm to find a satisfying interpretation given an APT-logic
program K is a brute-force approach that considers each thread. Given k atoms
and g timepoints, there are 2F possible worlds at each timepoint, and 2F*me
possible threads. For ease of notation, we shall refer to the number of threads as n.
Hence, note that a function that is linear in the number of threads is exponential
in the number of atoms.

Let T = {Thy,..., Th;,..., Th,} be the set of threads. In our linear program,
we will use the variables V' = {v1,...,v;,...,v,}. Each v; represents the (as yet
unknown) probability of thread Th;. We will design the linear program so that
solutions of the linear program are in a one to one correspondence with interpre-
tations that satisfy the APT-logic program. Thus, if 6 is a solution of the linear
program, we want to be sure that the tp-interpretation Iy such that Iy(Th;) = 6(v;)
is an interpretation that satisfies K.

Hence, given an APT-logic program /C, we will construct a set of “straightfor-
ward” linear constraints SLC(KC) over variables V' = {v1,...,v;,...,v,}, such that
the interpretation Iy associated as above with any solution 6 satisfies K. The set
of constraints are as follows:

Definition 3.8 Straightforward Linear Constraints (SLC). Let K be an APT-logic
program; the set of straightforward linear constraints contains exactly the following:
(1) S5y =1
(2) For each unconstrained rule F; 531 G;: [At;, b, u] €K

(a) 5: S Z?:l fri(Thj7 Fi, Gi, Atl) . ’U]'
(b) U; Z Z?:l fl’i(Thj, Fi, Gi, Atl) i
(3) For each constrained rule F; i G [At, b ui, 04, 0] € K
(2) & < ZThjeTaiSfri(Thj7Fi7Gi:Ati)§ﬁi v
(b) Ui Z ZThjeTaigfri(Thj,Fi,Gi,Ati)S['}i Uj
We refer to this set as SLC(K). |

The first constraint above says that the threads are exhaustive. The second con-
straint is derived from the formula for satisfaction of an unconstrained rule, while
the third constraint is derived from the formula for satisfaction of a constrained rule.

ACM Transactions on Computational Logic, Vol. V, No. N, August 2009.



18 . P. Shakarian, A. Parker, G.l. Simari, and V.S. Subrahmanian

Algorithm 1 Compute consistency of K using SLC.
SLC-CONSISTENT(APT-Program K)

(1) Construct SLC(K).

(2) Attempt to solve SLC(K).

(3) If solvable, return consistent, otherwise, inconsistent.

Note that the coefficient of v; in constraints (2) and (3) above are both constants
(after the calculations are performed), so these constraints are all linear.

EXAMPLE 3.2. Recall the program Kpower from Figure 4. In this simple ex-
ample, we supposed the power plant delivers power to a transformer (named tr),
which is in turn connected via a power line (named In) to a home. Hence, the
atoms func(tr) and func(In) denote that the various components are functioning,
and the home receives power only if both tr and In are func. Therefore, we have
four possible worlds: wy = {func(tr), func(In)}, w1 = {func(tr)}, we = {func(In)},
and ws = (. If we set the time limit to 4 days, then there are 4* = 256 possi-
ble threads (each world may occur at each time point). We name these threads
Tho, ..., Thass so that the world at time point t of thread Th; is ((i/4') mod 4)
(i.e. Thas is (w1, ws, w1, wo)) and associate the variable v; with I(Th;). We now
show the constraints in SLC(Kpower):

(1) i<26 4, =1
(2) 0.025 < 3°0=2%° pfr(Thy, func(tr) A func(In), = (func(tr) A func(In)), 1) - v; < 0.03
(3) 095 < ZKQ“‘G efr(Thi, =(func(tr) A func(In)), func(tr) A func(In),3) - v; <1

(4) 0.05 < 2129 pfr(Thy, func(In), =func(In), 1) - v; < 0.1

(%)

), 1
5) 0.99 < 3!=2%% efp(Thy, —func(In), func(In), 2) - v; < 1
Given a solution 6 of these constraints, we can see immediately that Iy satisfies KC.

We provide the following proposition about correctness of the above procedure for
mixed programs.

PROPOSITION 3.9. For mized APT-Logic Program IC, K is consistent iff SLC(K)
has a solution.

The size of the linear program for SLC follows immediately from the definition.
As each rule requires two linear constraints, and one linear constraint is required
to ensure the variables sum to 1, we have 2|K| 4+ 1 constraints. The number of
variables is equal to the number of threads.

Remark 3.10. SLC contains 2|KC| + 1 constraints and 2/5"tme variables.

Using SLC we can create Algorithm 1, which is guaranteed to give a correct
answer to the question of consistency for any APT-Logic Program. However, the
linear program’s size is exponential in terms of | Bz |-t,qz, making it a very expensive
operation in many situations. There are several obvious ways to reduce this cost.
One such way would be to consider the set of atoms to be only the atoms present
in the rules. An obvious method to reduce the other factor in the exponent, ¢4z,
would be to adjust the granularity of time used. For example, convert all time to
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hours instead of minutes. However, this would only provide a correct result in terms
of the new granularity. This is an issue we intend to explore in future research.

It turns out that for arbitrary sets of rules and annotated formulas, one need not
use one variable for each of the 2152/ threads. Some threads are equivalent, and
may in fact be considered together. We provide two such methods that consider
equivalent threads. One that reduces the number of worlds based on world equiva-
lence and one that reduces the number of threads based on frequency equivalence.

3.3 World Equivalence

World equivalence uses the following intuition: when two worlds satisfy exactly the
same formulas from the APT-program, they are identical from the APT-program’s
point of view. By partitioning the set of worlds into classes of identical worlds, and
working with the classes instead of the individual worlds, we can create smaller
linear programs by associating just one variable with each equivalence class (rather
than one variable with each world as is the case of SLC).

Consider the rule F & G : [At,l,u,a, (). The four world-based equivalence
classes resulting from this rule would be the sets of worlds that satisfy F A G,
FA-G, -FAG, and -F A—=G. We apply this concept to APT-Logic Programs and
divide the set of worlds accordingly. We can treat these resulting equivalence classes
as worlds and create world-based thread equivalence classes, and use them instead
of threads. This reduces the number of linear constraints for an algorithm similar
to SLC. One must note, however, that the equivalence classes must be computed
first, which we will show to be NP-complete.

As world equivalence for APT-Logic is based on the formulas found in APT-
Rules and annotated formulas, we will formalize the set of formulas associated with
a program. We introduce the notation formula(KC) to denote the set of all formulas
present in an APT-logic program:

formula(K) = {F,G | F &oa [At, b u,a, 8] € K} U
(F.G|FLG:[At U] € K}

EXAMPLE 3.3. Recall the program Kpower from Figure 4. The set formula(Kpower)
is then

{func(In), =func(In), func(tr) A func(In), =(func(tr) A func(ln))},
since these are the only formula appearing in Kpower-

The cardinality of formula(K) for a given APT-Logic Program is bounded by
2|K| since APT-Rules have two formulas, F' and G. We notice that for each world
w in 282 there is a subset of formula(K) that w satisfies and a disjoint subset of
formula(KC) that w does not satisfy. Hence, with respect to a given set of formulas,
certain worlds are indistinguishable: that is, they satisfy exactly the same formulas
from the set. We call such worlds KC-equivalent.

Definition 3.11 World Equivalence. For APT-logic program I, a world w is K-
equivalent to a world w’ (denoted w =k w') iff for all F € formula(K), w = F iff
w = F.
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EXAMPLE 3.4. Continuing with Kpower from Figure 4, recall the 4 worlds: wo =
{func(tr), func(In)}, wy = {func(tr)}, wy = {func(In)}, and ws = 0 and the formula
from Kpower:

formula(Kpower) = {func(In), =func(In), func(tr) A func(ln), =(func(tr) A func(In))}.

Here wy 18 Kpower-equivalent to ws, since both wi and ws do not satisfy the first

formula, do satisfy the second formula, do not satisfy the third formula, and do
satisfy the fourth formula. However, wi is not Kpower-equivalent to wo since wq
satisfies —func(In) (the second formula), while wy does not.

The relation =k can be extended to threads in the obvious way.

Definition 3.12 Thread Equivalence. For APT-logic program K, a thread Th; is
K-equivalent to a thread Thy (denoted Thy =k Ths) iff for all time points ¢, the
world Thy(t) is K-equivalent to world Tha(t). |

EXAMPLE 3.5. In Example 3.4, we saw that wy is Kpower-equivalent to ws. As-
suming four time points, then the thread Th = (ws,wy, w1, we) will be equivalent
to Th' = (w1, ws,ws,wp), since at every time point t, Th(t) is a world that is
K-equivalent to world Th'(t).

The relation =k is an equivalence relation (i.e., it is transitive, reflexive, and
symmetric) both for threads and for worlds; therefore, it can be used to construct a
partitioning of threads into equivalence classes. Let T[=x] = {P1, -, P} be that
partitioning. All threads in each P; are K-equivalent. The following result states
that these partitions have the useful property that all threads in any partition P;
have the same value for pfr, efr, or ¢fr for formulas in formula(K):

LEMMA 3.13. For APT-logic program IC, partitioning Py, ..., Py, of T induced
by =x, for all threads Th, Th' € P;, all F,G € formula(K), and all At;

(1) pfr(Th,F.G,At) = pfr(Th', F,G, At)
(2) efr(Th,F,G,At) = efr(Th', F,G, At)
(3) qfr(Th, F,G,At) = qfr(Th', F,G, At)

Lemma 3.13 tells us that each partition P; has a unique value for pfr, efr,
and ¢fr (for each F, G, and At). We introduce the notation pfr(F;, F,G, At),
efr(P;, F, G, At), and qfr(P;, F, G, At) to denote these values. For technical rea-
sons, we associate a label with each thread Th such that all threads in the same
partition P; have the same label. To define the label, we first order the set
formula(IC) = {Fy,---,F,}. Then, for a thread Th, we assign label(Th) to be
a length t,,q, - n bitstring where bit ¢/ - ¢ (1 <t/ < tpee and 1 <4 < n) is 1 if
Th(t') = F; and 0 if Th(t') }= F;.

Clearly, all Th, Th' in the same partition P; have the same label. Also, all
partitions P; have a unique label equivalent to the labels of the contained threads
and denoted label(P;). There are at most as many partitions as there are length
tmaz - M bitstrings, and determining if there is a partition associated with a given
bitstring b can be done by checking if there is thread whose label is b.

EXAMPLE 3.6. Using Kpower from Figure 4, we number formula(Kpower) as fol-
lows:
{F1 = func(In), F» = —func(In), F3 = func(tr) A func(In), Fx = —(func(tr) A func(In))}.
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Here, the label for Th = (ws, w1, w1, wp) (worlds w; defined in Example 3.4) is

010101010101 1010 .
N N N
ws w1 w1 wo
To see this, consider the first four digits 0101 for world ws. World ws does not
satisfy F1, hence the first 0. It does, however, satisfy F» and Fy causing the second
and fourth digits to be 1.
The thread Th' = (wi, w3, w1, wo) has the same label: 0101010101011010; any

two threads which are Kpoyer-equivalent will have the same labels.

We immediately notice that the number of thread partitions is potentially smaller
than the number of threads. While there are 2B¢*me threads, there are only
olformula(KC)[tmar - < 92IKI"tmez partitions. Therefore, using these partitions, rather
than threads, is preferable in designing linear constraints. We can use Lemma 3.13
to construct smaller sets of linear constraints than SLC. For these constraints,
we introduce the variable 0y, where bl is a length ¢4, - [formula(K)| bitstring
(vl € {0, 1}‘form“l“(’c)‘tmw) representing the probability mass assigned to the set of
threads in the partition labeled bl (Dwr = >- e p, aper(py=imn L(Th)). We can now
define the first alternative set of linear constraints.

Definition 3.14 World Equivalence Linear Constraints (WELC). Let K be an APT-
logic program that uses only the frequency functions pfr and efr; the set of World
Equivalence Linear Constraints, WELC(K), contains exactly the following:

(1) Tt =1,
(2) For F <% G : [At, 6,0, 0, 5]

(a) Zlble{l\agfr(Pi,F,G,At)g,@Al:label(Pi)} iy > €
(b) le{lla< fr(P;, F,G,At)<BAl=label(P;)} Uy < U
(3) For F e [At, £, u]
(a) ZPi fr(P, F,G, At)’f)label(Pi) >/
(b) ZP,L- f’l“(Pi, F,G, At)ﬁlabel(Pi) <u
(4) For all bl € {0, 1}formula(®)l-tmer for which there is no P; such that bl =
label(Pi), @lbl =0. | |

EXAMPLE 3.7. WELC(K power) (based on program Kpower from Figure 4) is con-
structed using variables Dy, for each of the 2** = 65,536 possible labels. Due to
constraint 4, at most 256 of these variables will be non-zero, since there are 256
worlds to populate these 65,536 possible equivalence classes. We will therefore be
able to eliminate all but at most 256 of the variables from the representation al-
together, since they will be known to be zero in every possible solution. As such,
we only need to use the variables not eliminated via constraint 4 when constructing
WELC(K power), and we will do so in this example. The only labels that will have
associated threads are those that are combinations of the labels for the worlds wy,
wi, wa, and ws (defined in Example 3.2). With formula(Kpower) being:

{F1 = func(In), F> = —func(In), F3 = func(tr) A func(In), F4x = —(func(tr) A func(In))},
these labels are 1bl(wo) = 1010, Ibl(wy) = 0101, {bl(w2) = 1001 and Ibl(ws) = 0101.
So, for any label Ibl, each four digit sequence must be 1010, 0101, or 1001. Otherwise
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there cannot possibly be a thread Th such that label(Th) = Ibl. In fact, since there
are only 3 labels for the worlds (w1 and wa, being Kpower-equivalent, share a label),
we know that when there are four time points, there are only 3* = 81 variables that
can be non-zero in our linear program (one label at each time point). So, leaving out
the zeroing constraints and supposing each sum Y, sums over those 81 variables
not known to be zero via the zeroing comstraints, the set of linear constraints is:

WELC(K power) =

(1) 2yt =1

(2) 0.025 < >, pfr(Ths, func(tr) A func(In), =(func(tr) A func(In)), 1) - O < 0.03
(8) 0.95 < >, efr(Thi, ~(func(tr) A func(In)), func(tr) A func(In), 3) - v < 1

(4) 0.05 < >y, pfr(Ths, func(In), =func(In), 1) - vy < 0.1

(5) 0.99 <>, efr(Thi, —~func(In), func(In), 2) - O < 1

Note that this set of linear constraints is substantially smaller than SLC(Kpower),
which used 256 variables where WELC(Kpower) uses only 81 variables and exactly
the same number of constraints (after removal of trivial zeroing constraints).

PROPOSITION 3.15. For any APT-program IC, WELC(K) is solvable iff K is con-
sistent.

This approach can provide a substantial speedup. As we noted earlier, the num-
ber of partitions is bounded by 22/XI'tme which will often be much smaller than the
number of threads, 2/B<I'tme  Further, the number of partitions is bound by the
number of threads, regardless of the size of K.

PROPOSITION 3.16. WELC requires 2|K| + 1 constraints and at most 22/Xltme
variables.

Algorithm 2 Compute consistency of K using WELC.
WELC-CONSISTENT (APT-Program K)

(1) Construct WELC(K).
(2) Attempt to solve WELC(K).
(3) If solvable, return consistent, otherwise, inconsistent.

This suggests Algorithm 2 for checking consistency of K. The complexity of Al-
gorithm 2 comes from both creating and solving WELC. Proposition 3.16 gives the
number of constraints required of a linear program to implement WELC-CONSISTENT.
Building WELC is also difficult: we have constraint 4, which requires the inclusion
of the constraint 0;;; = 0 if there is no non-empty partition in 7 [=x] with label bl.
Unfortunately, this is an NP-complete operation.

THEOREM 3.17. For APT-Logic Program, K, and label Ibl, determining if there
is non-empty P, € T|=k] such that label(P;) = Ibl is NP-complete.

To properly construct WELC, we must solve SAT for every subset of formula(K).
As formula(KC) < 2|K|, this amounts to O(22/%1) calls to a SAT solver. Assum-
ing O(2‘B£|) operations per SAT solution procedure, this operation will take time
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Thread pfr(Th, scandal,
—scandal, 1)
(scandal, scandal, scandal) 0
(scandal, scandal, —scandal) 1/2
(scandal, —scandal, scandal) 1

(scandal, —scandal, —scandal)
(—scandal, scandal, scandal)
(—scandal, scandal, —scandal)
(—scandal, —scandal, scandal)
(—scandal, —~scandal, ~scandal)

=

Fig. 7. For a set of atoms consisting of scandal, and ¢,,4; of 3 time points, the above chart shows

the pfr for all possible threads based on a program consisting only of rule scandal lﬂ —scandal :
[1,0.89,0.93,0.8,1.0] from Figure 1. Figure 8 groups these threads in frequency equivalence classes
based on pfr.

O(22|’C‘+|Bﬁ|). However, as for most linear program implementations, the running
time for WELC-CONSISTENT will be exponential in terms of 7|KC|t e, [Karmarkar
1984], the generation of world equivalence classes will be dominated by WELC it-
self. Therefore, in most cases, Algorithm 2 will have a better big-O run time than
solving the set of straightforward linear constraints.

3.4 Frequency Equivalence

For constrained rules it is possible to develop a different set of linear constraints.
Rather than considering equivalent worlds, we develop a partition of the set of
threads based on the value of the frequency function with respect to each rule in
the program. We will then create a new set of linear constraints based on this
equivalence, as with WELC, in order to improve performance.

Therefore, the partitions will depend on the thread’s relationship to the proba-
bility interval e, 3], which we shall refer to as the frequency bounds for a given rule.
Due to the requirement of considering the frequency bounds, this type of thread
equivalence will be referred to as frequency equivalence and apply only to con-
strained rules, though there are manipulations one can apply to include annotated
formulas; we first define an equivalence relation over threads.

Definition 3.18 Frequency Equivalence. For threads Thy and The, and constrained

rule r = F <% G : [At, L, u, «, (], we say Thy is r-frequency-equivalent to Tho (de-
noted Thi~"Ths) iff (a < fr(Th1,F,G,At) < 8 < « < fr(The, F,G,At) < ).
For APT-Logic Program C containing only constrained conditionals, we say Thy
is K-frequency-equivalent to The (denoted Thq ~K Tho) iff for all rules r € K,
Thy ~" Ths. |

ExaMPLE 3.8. Consider rule scandal g —scandal : [1,0.89,0.93,0.8,1.0] from
Figure 1, where we used APT-Rules to represent the behavior of stock price based
on news reports. Let Kpr.ex be an APT-program containing exactly this rule. We
will consider the set of atoms to consist only of scandal and t 4, to be 3. In Figure 7
we compute the pfr based on this single rule for all possible threads. In Figure 8 we
can then group these threads into two equivalence classes, those whose pfr is within
[0.8,1] and those whose frequency is outside this range.
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Kr-ex = {scandal P —scandal : [1,0.89,0.93,0.8,1.0]}
T[NKfr—rz'p] _

scandal, —scandal, scandal),
scandal, —scandal, —scandal),
FE = —scandal, scandal, —scandal), ,
—scandal, —scandal, scandal),
—scandal, ~scandal, —scandal)
scandal, scandal, scandal),
scandal, scandal, —scandal),

—scandal, scandal, scandal)

o~~~ o~~~ o~~~

Fig. 8. For a program consisting only of rule scandal ?ﬂ“ —scandal : [1,0.89,0.93,0.8,1.0] from
Figure 1, we have frequency equivalence classes F; and E3 based on the pfr for all possible
threads seen in Figure 7.

For instance, threads (scandal,scandal, scandal) and (scandal, scandal, ~scandal)
both have a pfr less than 0.8. Therefore, we have that (scandal, scandal, scandal) ~/sr
(—scandal, scandal, scandal).

The relation ~* satisfies several common properties of relations.

PROPOSITION 3.19. For any constrained APT-logic program IC, ~* is reflexive,
symmetric, and transitive.

Therefore ~* is an equivalence relation, and we can partition 7 (the set of

all possible threads) into equivalence classes according to a given ~*. We let
T[~*] be this partitioning, where each set E € 7[~"] contains only K-frequency-
equivalent threads. We then assign each set E a binary string str(F) of length m
(the number of constrained formulas in K) where digit ¢ is 1 if for all Th € E,
a; < fr(Th, F;, G;, At;) < B;, and 0 otherwise.

EXAMPLE 3.9. In Figure 8 we see a partitioning of the threads T [~"e] with
two partitions: Ey and Es. The associated binary strings are: str(Ey) = 1 and
str(E2) = 0. Notice that we only have two frequency equivalence classes of threads,
which is only 25% of the 8 threads we had originally.

In the following linear program, we introduce variables 7 for each binary string
b of length |K].

Definition 3.20 Frequency-Equivalence Linear Constraints. For constrained APT-
Logic Program K, the set of Frequency-Equivalence Linear Constraints FELC(K)
contains only the following:

(1) 2 per(or) Ustr(p) = 1 (where str(E) is the binary number that labels frequency
equivalence class F)

(2) For all length || binary strings b if there is no E € T[~*] such that str(E) = b
then v, =0

(3) For all F; & Gyt [Ati, by ug, 04, B3] € K, 4 <37 cio1ym s,21 Us < U |
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THEOREM 3.21. For constrained APT-Logic Program KC, IC is consistent iff there
is a solution to FELC(K).

As FELC provides a correct result for consistency, we can use it to develop the
consistency-checking algorithm FELC-CONSISTENT shown below.

Algorithm 3 Compute consistency of K using FELC.
FELC-CONSISTENT (APT-Program K)

(1) Construct FELC(K).
(2) Attempt to solve FELC(K).
(3) If solvable, return consistent, otherwise, inconsistent.

If the frequency equivalence classes of threads for a given program are known,
FELC also offers an improvement in complexity over SLC.

PROPOSITION 3.22. FELC requires 2|K| + 1 constraints and 2! variables.

ExamMpPLE 3.10. Consider the APT-Program Kgiock from Figure 1. Let By be
the set of atoms seen in that program (hence |Bg| = 5). We consider a tpas of
4. From Proposition 3.10, we know that using SLC to determine the consistency of
Kstocrs would require 7 constraints and 22° = 1,048,576 variables. We show below
a set of linear constraints based on FELC below that requires 7 constraints and only
23 = 8 variables. For the program Kgioer, we have the following linear constraints:

e For rule scanda/&ﬁ —scandal : [1,0.89,0.93,0.8,1.0]
0.89 < vgo1 + Vo11 + V101 + V111 < 0.93

e For rule sec_rumor A earn_incr(10%) o stock_decr(10%) : [2,0.65,0.97,0.7,1.0]
0.65 < Up10 + Vo11 + V110 + V111 < 0.97
o For rule

sec_rumor A earn_incr(10%) o stock_decr(10%) A cfo_resigns : [2,0.68,0.95,0.7,0.8]
0.68 < U190 + V101 + V110 + V111 < 0.95

® Ugoo + Voot + Voo + Do11 + V100 + V101 + V110 + U111 = 1

The running time of consistency checking via FELC is independent of the number
of atoms or time points or number of worlds. Thus, even though it runs in time
exponential in |K[, it will in many cases run faster than SLC, which runs in time
linear in |K| and exponential in the number of worlds or the number of time points.
Further, since the size of K, the number of worlds, and the number of time points
are all known in advance, one can tell which approach will be faster dynamically,
and dispatch the smaller, faster linear program.

However, as with WELC, significant computation cost is required to construct the
linear constraints, specifically in identifying the frequency equivalence classes that
are empty. We refer to the obvious, exhaustive, and exact method for identifying
empty frequency equivalence classes as the Brute Force Frequency Equivalence Class
Algorithm or BFECA.

As BFECA exhaustively considers all threads, we have the following trivial propo-
sition concerning correctness.
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Algorithm 4 Find Frequency Equivalence Classes of Constrained Program K
BFECA(APT-Program K)

(1) Generate all possible threads.

(2) For each thread, Th, for all i, compute fr;(Th, F;, G;, At;).

(3) Determine for each thread, Th, for each rule, r;, if the associated frequency
function, fr; for Th falls within the range [, ;]

(4) Based on the result of step 3, determine which frequency equivalence class Th
belongs to.

(5) After all threads are generated, return EMPTY if there are no threads found
for a given frequency equivalence class is empty and OK otherwise.

PROPOSITION 3.23. For each frequency equivalence class C, if C is empty BFECA
returns EMPTY; otherwise, if C' contains at least one thread, BFECA returns OK.

For each thread, BFECA calculates the frequency function with regard to each rule.
Hence, for each of the 2/Pzltme threads, it calculates |K| frequency functions. This
leads us to the complexity result below.

ProPOSITION 3.24. The complexity of BFECA is:
0 (Q\Bg\tmw F(tmas) - |IC\)

where F(tmag) s defined as follows. Suppose time; is the time required to compute
fr;(Th, F;, G;, At;). Then F(tma:) equals max;(time;).

Note that if F (¢4 ) is linear, then the complexity of finding the frequency equiv-
alence classes and then performing FELC is still better than SLC. The dominating
term in the complexity of FELC has an exponent of |Bg| - tyae when BFECA is
used. SLC, on the other hand, will have an exponent of 3.5 - |Bz| - tinee for most
linear program solvers [Karmarkar 1984]. The following example shows how BFECA
works.

ExAMPLE 3.11. Consider the FELC constraints set up for Kgocr in Example 3.10.
Look at rules sec_rumor A earn_incr(10%) it stock_decr(10%) : [2,0.65,0.97,0.7,1.0]

and sec_rumorAearn_incr(10%) o stock_decr(10% )Acfo_resigns : [2,0.68,0.95,0.7,0.8].
For a given thread, Th, consider the pfr’s associated with those rules. Let p1 =
pfr(Th,sec_rumorAearn_incr(10%), stock_decr(10%), 2) and p2 = pfr(Th,sec_rumorA
earn_incr(10%), stock_decr(10%) A cfo_resigns, 2).

We note that pa must be less than or equal to p1 as the G formula for both rules
differs only by one conjuncted atom. Therefore, there is no possible Th such that
p2 > p1. Hence, variables 199 and 0191 from the FELC constraints in Example 3.10
must be set to zero.

To find such variables, BFECA calculates the frequency function for all possible
threads. However, with SLC-CONSISTENT, the dominating term in this example
requires 279 operations, where BFECA requires only 220 operations. Note that the
complexity of BFECA often will dominate the complexity of FELC-CONSISTENT.
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As suggested earlier, FELC can be used on programs that consist of both con-
strained rules and annotated formulas. We can include annotated formulas in our
constrained program by writing rules that are essentially equivalent to annotated
formulas, as described earlier through use of the Query Frequency Function in Def-
inition 2.18.

Note that if the PCD conditions are met (Page 16), we can often be guaranteed
that all FELC equivalence classes will be non-empty, making the BFECA algorithm
unnecessary. See the Appendix for a complete discussion of this special case.

3.5 Combining World and Frequency Equivalence

We have introduced two improved methods for computing consistency: FELC-
CONSISTENT/BFECA and WELC-CONSISTENT. We now introduce a hybrid ap-
proach that uses the world-equivalence classes of WELC to ease the computation
necessary to compute the frequency-equivalence classes needed in FELC. World-
equivalence can be used to determine if a frequency equivalence class is empty or
not. The intuition is simple: we follow the approach of BFECA, generating the set
of threads and finding the frequency function for each one. However, rather than
generating the set of threads, we generate the set of world-based thread partitions
and find their frequency functions. As shown in the discussion of WELC, the num-
ber of world-based thread partitions can be considerably less than the number of
threads. Hence, we present world equivalence for finding frequency equivalence, or
WEFE.

Algorithm 5 World Equivalence for finding Frequency Equivalence Classes of Con-
strained Program XC

WEFE(APT-Program K)

(1) Find the world equivalence classes based on formula(K).

(2) Generate all world-equivalence based thread partitions for .

(3) For each world-equivalence thread partition, P, for all 4, compute
fri(R Fi7 Gi, Ati).

(4) For each rule, r; let IN; be the set of thread partitions such that a; <
fr;(P, F;, G;, At;) < ;. For each rule, let OUT; be all partitions not in IN;.

(5) For string s € [0,1]/Xl let the set PCLASS, be defined as {Ny,—1 IN:} N
{ﬂsq',ZO ouT; }

(6) For each class cls return EMPTY if PCLASS;s = () and OK otherwise.

As WEFE exhaustively considers all world equivalence based thread partitions,
and each thread belongs to exactly one partition, WEFE provides a correct answer.

PROPOSITION 3.25. If a given frequency equivalence class is empty, WEFE re-
turns EMPTY. If there is a thread in a given frequency equivalence class, WEFE
returns OK.

The computational complexity of this algorithm is dependent upon the number
of thread-partitions resulting from world-equivalence. As stated before, this is
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22|Kltmez - Further, the cost of calculating the frequency function for each thread is
only O(tmaz) as checking the satisfiability of the F' and G formulas in a rule by a
world equivalence class is a trivial operation, since the satisfaction is pre-determined
when the world-equivalence classes are generated.

PROPOSITION 3.26. The complexity of WEFE is
0 (22|}q.t,m Ao - ‘;q)

when the set of world-equivalence classes for IC is known.

WEFE/FELC-CONSISTENT is generally preferable for checking the consistency
of constrained programs: because it considers threads on a world-equivalence basis
rather than individually, it should generally have a shorter run time than BFECA
even taking into account the costs of constructing world-equivalence classes. We
illustrate this in the following example:

EXAMPLE 3.12. Suppose we want to build FELC constraints for Ksiocr, as we did
in Example 3.10 where tye, = 4. We note that formula(Kgsiocr) consists of the
following:

) scandal

) —scandal

3) sec_rumor A earn_incr(10%)

) stock_decr(10%)

(5) stock_decr(10%) A cfo_resigns

Although the number of world equivalence classes, based on formula(Ksiocr) would
be 2°, which is also the number of worlds due to there only being 5 atoms referenced
in the program, we note that many of the world equivalence classes are empty. For
example, we know that there can be mo world that satisfies both of the first two
formulas, which immediately reduces our number of world equivalence classes by a
factor of two. Further, there can be no world that does not satisfy stock_decr(10%)
but satisfies stock_decr(10%) A cfo_resigns. Hence, the number of world equivalence
classes is 12 in this case, a significant reduction from the 32 worlds originally con-
sidered.

Therefore, WEFE only considers 12* = 20,736 world-equivalent threads, as op-
posed to BFECA, which considers 32* = 1,048,576 threads. Note that if the world
equivalence classes are known, this cost of WEFE may still dominate FELC-CONSISTENT.
This is a vast improvement over the 270 operations required by SLC-CONSISTENT.

4. ENTAILMENT BY APT-LOGIC PROGRAMS

Now that we have dealt with consistency, we can explore the issue of entailment,
which is defined in the usual way.

Definition 4.1 Entailment. Let K be an APT-logic program, r be a rule, and af
be an annotated formula. We say that K entails af iff for all models I of K, I = af,
and that KC entails r iff for all models I of K, I = 7. |
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EXAMPLE 4.1 ENTAILMENT. Recall that in Example 3.8 we presented the fol-
lowing APT-Program:

Kfr-ex = {scandalzit —scandal : [1,0.89,0.93,0.8,1.0]}

Suppose we form the following rule as a hypothesis.

T'hyp = scandal B scandal : [1,0.88,0.94,0.8,1.0]

Does Kjr-er entail ryyp ? A quick examination of the only rule in the program and the
hypothesis tells us that except for the probability bounds, they are the same. Notice
that the rule in Kjrep has probability bounds [0.89,0.93] and the probability bounds
of Thyp are a superset, [0.88,0.94]. Therefore, we know that any interpretation in
which the sums of the probabilities of threads with a frequency ratio between [0.8,1.0]
sum to a quantity in [0.89,0.93], are also in [0.88,0.94]. So, by the definitions of
satisfaction and entailment, we can say that Kfr_c, entails Thyy.

The following result shows that checking entailment of an annotated formula by an
APT-logic program is coNP-hard.

THEOREM 4.2. Given an APT-logic program K and an annotated formula, af,
deciding if KC entails af is coNP-hard in |Bgz| (the number of atoms).

4.1 Linear Constraints for Entailment

We shall now provide algorithms for computing entailment based on the linear
constraints SLC, WELC, and FELC. In all cases, the method is straightforward:
we determine the minimal and maximal probability for the annotated formula in
interpretations satisfying the original knowledgebase by minimizing and maximizing
the appropriate sum subject to some set of linear constraints. Due to the fact that
any annotated formula can be viewed as a constrained rule, we will not describe
the entailment of annotated formulas in this section.

Algorithm 6 Entailment of Rule r by Program C with SLC
SLC-ENT(APT-Program K)

(1) If r is unconstrained, (r = F G [At, ¢, u]), create rule 7' = F G
[At, ¢/ '] where ¢/, u/ are variables.

(2) If r is constrained, (r = F &g [At, L, u, o, (]) create rule 7/ = F ANYeR

[At, 0 v, «, 5] where ¢/, are variables.

(3) Create set of linear constraints SLC(K U {r'}).

(4) Let ¢ be the minimization of ¢ subject to SLC(K U {r'}).

(5) Let v/ be the maximization of u’ subject to SLC(K U {r'}).

(6) If [¢, @] C [¢,u] return ENTAILS otherwise return NOT ENTAILS.

We can show Algorithm 6 to be correct and to take time exponential in |By| (as
expected due to Theorem 4.2).
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PROPOSITION 4.3 CHECKING ENTAILMENT USING SLC. For unconstrained rule
r=F-%G: [At, 0, u] or constrained rule r = F L, G : [At, 4, u, «, 8] and program
K, SLC-ENT returns ENTAILS iff K entails v and returns NOT ENTAILS iff K
does not entail r

PROPOSITION 4.4. SLC-ENT requires solving at most two linear programs. Each
linear program has 2|K| 4 1 constraints and 2B 1tme yariables.

We now give an example of how Algorithm 6 will run in practice.

EXAMPLE 4.2. Consider APT-Program Ksiocr, introduced in Figure 1 with t,q, =
4. Suppose we want to see if Ksiocr entails the annotated formula query = earn_decr(10%) :
[3,0.50,0.80].

First, we re-write the query as a rule using qfr. Hence, query,.;. = TRUE <q—>fr

earn_decr(10%) : [3,0.50,0.80, 1, 1]. From this rule, we create query..,,, = TRUE &
earn_decr(10%) : [3, ¢, v/, 1,1].

We now consider all possible threads given Ksioct, U{ query, .} and tpep = 4. As
there are 6 atoms in the union of the program and query, we have 22* = 16,777,216
possible threads (|T| = 2**). Hence, we set up the following linear constraints:

o For rule scandal ™5 ~scandal : [1,0.89,0.93,0.8, 1.0]
0.89 < ZThjGTO.Sgpfr(Thj,scandal,ﬁscandal,l)gl.o Y
0.93 = ZThjeTO.Sgpfr(Thj,scandal,ﬁscandal,l)gl.o Y
e For rule sec_rumor A earn_incr(10%) it stock_decr(10%) : [2,0.65,0.97,0.7,1.0]

0.65 < v
- ZThjETO.?Spfr(Thj,sec,rumor/\earn,incr(lO%),stoz:k,decr(lo%),2)§1.0 J

0.97 > ny
= ZThjeTO.?Spf’r(Thj,sec,rumor/\earn,incr(lO%),stock,decr(lo%),Q)Sl‘O J
e For rule

. pfr .
sec_rumor A earn_incr(10%) < stock_decr(10%) A cfo_resigns : [2,0.68,0.95,0.7,0.8]
.68 < .
0.68 < ZTh‘jGTO.?gpf?”(Thj,sec,rumor/\earn,incr(lO%),stock,decr(lo%)/\c\‘c),resigns.,2)§0.8 i
0.95 > > py e - - Yj
i€ 0.7<pfr(Thj,sec_rumorAearn_incr(10%),stock_decr(10%) Acfo_resigns,2) <0.8
afr
o For rule query..,;, = TRUE < earn_decr(10%) : [3, ¢, v/, 1,1]
U< .
= ZThj €T 1<qfr(Th;, TRUE,earn_decr(10%),3)<1.0 Vi
/
> .
w= ZThj€T1gqfr(Thj,TRUE,eam,decr(lo%),a)g1.0 i
g2
[ Zj:O 'Uj =1.

As it turns out, the minimization of £' is 0 and the mazimization of v’ is 1. Since
[0,1] ¢ [0.5,0.8], we can say that Ksiocr, does not entail query.

SLC-ENT uses the SLC set of linear constraints. However, one could easily sub-
stitute WELC or FELC for SLC in SLC-ENT. We present an algorithm for alternate
linear constraints, ALC-ENT, that mirrors SLC-ENT and leverages these other con-
straints in the appendix.

There is a further improvement that can be made in practice: if we solve the
linear program once, and find that the minimization of ¢ is less than ¢, we have
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determined that the rule is not entailed by the program, and solving the linear
program again is not necessary to decide entailment.

5. APPLICATIONS OF APT LOGIC

Algorithm 7 The APT-Extract Algorithm.
APT-Extract(T, ActCond, MaxBody, A, SuppLB, o,STAT-Test)

1) Rules :=0;

2) for each combination (environment variable, value) choose 1, ..., MazBody {
3) let Body be the current combination; supportBody:= 0; supportBoth:= 0;
4) for t =1 to mazTime(T) {

5) bodyHappened:= false;

6) if Body is true at time ¢ then

7) bodyHappened:= true; actHappened:= false;

8) ford=1to A {

9) if ActCond is true at time ¢t + d then actHappened:= true;

10 break for;

}

)
)
) if bodyHappened then supportBody:= supportBody + 1;
) if bodyHappened and actHappened then supportBoth:= supportBoth + 1;
)
15) if supportBody <> 0 then confidence:= supportBoth / supportBody;
) else confidence:= 0;

)

)

)

)

17 if (supportBoth > suppLB) A STAT_TEST (Body, ActCond) then
18 add Body B ActCond : [A, confidence — o, confidence + o] to Rules;
19) }

return Rules;

APT-logic programs have many possible applications; in this section we will
briefly describe an effort to learn conditions under which various terror groups
took various actions, in the form of APT-programs. We assume that the data is
given in the form of a table that contains two kinds of attributes: action and enwvi-
ronment, and that each tuple represents the values of each of these attributes for a
certain time point. A good example of this kind of data is the “Minorities at Risk
Organizational Behavior” (MAROB) data set [Wilkenfeld et al. 2007]. This data
set has identified around 150 parameters to monitor for about 300 groups around
the world that are either involved in terrorism or are at risk of becoming full-fledged
terrorist organizations. The 150 attributes describe aspects of these groups, such as
whether or not the group engaged in violent attacks, if financial or military support
was received from foreign governments, and the type of leadership the group has.
It was a simple task to divide the attributes into actions that could be taken by
the group (i.e., bombings, kidnappings, armed attacks, etc.) and environmental
conditions (i.e., the type of leadership, the kind and amount of foreign support,
whether the group has a military wing, etc.). Values for these 150 parameters
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are available for up to 24 years per group, though it is less for some groups (e.g.,
groups that have been around for a shorter duration). For each group, MAROB
provides a table whose columns correspond to the 150 parameters and the rows
correspond to the years. There are many social science data sets that use such
data. These include the KEDS data set from the University of Kansas that tracks
country stability data (rather than terror group data) [Schrodt and Gerner 1998|
and the Political Instability Task Force (PITF) data [Goldstone et al. 2005].

The APT-Extract algorithm provides a basic approach to extracting APT-rules °.
The inputs are: a table of historic data, a condition on an action variable (variable
name and value), a maximum size for the body, a value for A, a lower bound for
the support of the rule, and a real number o € [0, 1] that will determine the width
of the probability annotations for the extracted rules, and an arbitrary statistical
test (e.g., a t-test or something based on p-values in statistics) selected by the user
that measures the correlation between the values of the body of a possible rule and
the head. We use the standard measurements of support and confidence from the
literature on association rules: given table T', the support of a condition C in T is
the number of tuples for which C' is true; given conditions C; and C5, the confidence
in the fact that C; is accompanied by Cs is the ratio of the support of C; A C5 to
the support of C7. As an example of the kind of rules that can be extracted by
this algorithm, some of the rules extracted from the data for Hezbollah are given
in Figure 2.

6. RELATED WORK

In addition to the authors’ past work on probabilistic logic programming [Ng and
Subrahmanian 1992; 1991], probabilistic logic programs were studied in [Kiessling
et al. 1992], [Kifer and Subrahmanian 1992], and [Lakshmanan and Sadri 1994a;
1994b; Lakshmanan and Shiri 1997], who showed how to introduce various proba-
bilistic dependencies into probabilistic LPs. [Lukasiewicz 1999; Lukasiewicz et al.
1999] made major contributions to bottom up computations of probabilistic LPs.
[Lehmann and Shelah 1982] and [Hart and Sharir 1986] were among the first to
provide a logic to integrate time and probability. [Kanazawa 1991] also studied the
integration of time and probability in order to facilitate efficient planning. He was
primarily interested in how the probability of facts and events change over time.
[Haddawy 1991] developed a logic for reasoning about actions, probability and time
using an interval time model. [D. Dubois and Prade 1991] developed methods to
extend possibilistic logic to handle temporal information. This logic associates, with
each formula of possibilistic logic, a set of time points describing when the formula
has a possibilistic truth value. [Halpern and Tuttle 1992] studied the semantics of
reasoning about distributed systems where uncertainty is present using a logic where
a process has knowledge about the probability of events for decision making by the
process. [Fagin et al. 1990; Fagin and Halpern 1994] developed logics of time and
belief to model the behavior of distributed systems, while [Thomas 1995] developed
a framework that integrates beliefs, time, commitment, desires, and multiple agents.

5Note that this algorithm is not a novel one, and simply performs calculations to capture inter-
esting relationships present in the data in order to build rules. More complex algorithms for rule
extraction are outside the scope of this paper.
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[Baral et al. 2002] developed a language to reason about actions in a probabilistic
setting; their models use static and dynamic causal laws together with background
(unknown) variables whose values are determined by factors not in the model.
Building on top of past work by [Dekhtyar et al. 1999], [Dix et al. 2006] introduce
heterogeneous temporal probabilistic agents to model agent behavior and develop
a model theory and fixpoint semantics focusing on agents built using legacy code.

Though there has been extensive work on temporal reasoning, the key difference
between APT logic programs and past works in verification [Lamport 1980; Emerson
and Halpern 1984; Vardi 1985; R. Cleaveland and Narasimha 2005; Glabbeek et al.
1995; Larsen and Skou 1991] is the use of frequency functions in our work to define
the frequency with which a given formula G holds (some given time) after a given
formula F' holds. We show that such a definition can be given in many different
ways and, rather than committing to one such definition, we provide axioms that
any frequency function should satisfy. A result of our introduction of the frequency
function is that the probability an event occurs at time ¢ is dependent on the events
that occur in interval [1,¢] and interval [t,¢maz]-

APT-Logic distinguishes itself from other temporal logics in the following ways:

(1) It provides for reasoning about probability of events within a sequence of events
and probabilistic comparison between sequences of events.

2

(2) Future worlds can depend on more than just the current world.
(3) It provides bounds on probabilities rather than just a point probability.
(

4) Tt does not make any independence assumptions.

6.1 Markov Decision Processes

Many temporal logics, whether probabilistic or not, make use of some sort of state
transition system as an underlying structure. A state-transition system is said to
conform to the Markov Property if each transition probability only depends on the
current state [Russell and Norvig 2003]. We demonstrate that while APT-Logic
Programs maintain much of the expressiveness of most state-transition systems,
they also have the ability of expressing non-Markovian sequences of events. Specif-
ically, the semantic structures used in APT-Logic (worlds, threads, interpretations)
can be represented by state transition systems when the following restrictions are
applied:

(1) As APT-Logic only deals with finite temporal sequences, only the first ¢,,4:
states generated by an MDP will be considered.

(2) By definition, each world represents a unique set of atoms. Therefore, a cor-
responding state transition system must have the restriction that each state is
uniquely labeled; i.e., each state in the MDP represents exactly one world.

(3) Each transition in the MDP takes one unit of time.

Our notation for an MDP most resembles the reactive probabilistic labeled tran-
sition system (RPLTS) [R. Cleaveland and Narasimha 2005; Glabbeek et al. 1995;
Larsen and Skou 1991]. Below, we will formally define an MDP with respect to a
set of actions Act, and a set of atomic propositions, B;. When comparing MDPs to
APT-Programs, we will assume that the APT-Program uses the same set of ground
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atoms, and that each state in an MDP has a unique atomic label. In this manner,
we can equate MDP states with worlds in tp-interpretations. Hence, an MDP is
defined as follows:

Definition 6.1 MDP. A Markov Decision Process (MDP) consists of a 4-tuple
L = (S,0,P,lbl, s1) where:

e S is a finite set of states
0§ C S x Act x S is the transition relation

e P:§ — [0,1] is the transition probability distribution, which satisfies:
o Vs €S, Va € Act Yy (505 P(s,a,8") €[0,1]
o Vs € 5,Va € Act (35'(s,a,8') €0) = 3y (5 a5es L(8,0,8") =1

o [bl : S — 2B¢ is the labeling of each state that specifies the set of propositions
that are true in a state. Each state has a unique set of propositions.

e 51 € S is the initial state. [ |

When an MDP is employed with policy , it means that in state s;, action 7 (s;)
is taken. An MDP that uses only a single policy is often referred to as a Stochastic
Process, or Markov Process. With the definition of an MDP and notion of a policy,
we can now state what it means for a tp-interpretation to satisfy an MDP.

Definition 6.2. Let L be an MDP, w be a policy, I be a tp-interpretation, and
tmaz De the maximum value of time. We say that I satisfies the pair (L, 7) iff: for

all sequences of n = t,,., States, seq =s; — ... — 8; — ... — 8,, there exists a
thread Th such that:

e For every s; in seq, a € Ibl(s;) iff a € Th(i)
o [117) P(si,m(s), si41) = I(Th) |

Further, we say that an interpretation I satisfies an MDP L and set of policies
POL iff there exists a policy # € POL such that I = (L, ).

We can extend the notion of entailment described earlier to MDP’s and describe
entailment relationships between MDP’s and APT-Programs. Based on this idea,
we now can define a notion of equivalence between an MDP and an APT-Program
as follows.

Definition 6.3 Equivalence/Entailment. An MDP L and set of policies POL is
equivalent to APT-Program X when tp-interpretation I = (L, POL) iff I = K.
(L, POL) is said to entail K if for all tp-interpretations I, if I |= (L, POL) then
I E K. Finally, K is said to entail (L, POL) if for all tp-interpretations I, if I = K
then I = (L, POL). |

With this notion, given an MDP and policy, we can now create an APT-Logic
Program such that the set of satisfying interpretations for the MDP and policy is
the same as the set of satisfying interpretations for the APT-Logic Program. We
use these notions of entailment and equivalence to specify the semantic relationship
between APT-Logic: if for any APT-Program there is an equivalent MDP and a set
of policies, then we will consider APT-Logic to be no more expressive than MDPs.
Soon we will see this is not the case, and that APT-Logic is in fact more expressive
than MDPs.
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First however, we provide the following formula notation. F'is a mapping of states
to formulas such that F'(s) = (A,cpics) @) A (Apgipi(s) b)- Second, we provide the
following probability measurement of a ¢-length sequence starting with state s; and
ending with state s;. We use the notation s —* s’ to denote the set of sequences of
t transitions from s to s'.

Definition 6.4 Sequence Probability Measure. Let L be an MDP, © be a policy,
s1, s¢ be states, and ¢ be a positive integer. The sequence probability measure, SPM
is defined as follows:

SPMyp, r(s¢,t) = Z (ﬁP(Si,W(Si)aSi-‘rl))

s1—t—1lsy
|

So, the SPM totals the probabilities of all sequences from the initial state to s; in
t — 1 transitions.

Next, we will present Algorithm 8 that, given an MDP and set of policies
(L, POL), creates an APT-Program K such that (L, POL) entails K. This con-
struction is guaranteed to be correct by the following theorem.

Algorithm 8 Generate APT-Program that is entailed by a given MDP and set of
policies.
MAKE-APT(MDP L, PolicySet POL)

(1) Create annotated formula F(s1) : [1,1,1].

(2) For each state s, and each time point ¢, there are |POL| SPM’s, one for each
policy. Let min(SPMp »(s,t)) be the minimum such SPM.

(3) For each state s, and each time point ¢, let maxz(SPMy, (s,t)) be the maximum
SPM.

(4) For each time point ¢t € [1,t,4s], and each state s;, create the following anno-
tated formula: F(s;) : [t, min(SPMy r(si,t)), max(SPML . (s;,t))].

THEOREM 6.5. If an interpretation I satisfies MDP L with set of policies L,
then it satisfies APT-Program KC generated from MAKE-APT.

Clearly, if we restrict the MDP to a single policy, then we can create an APT-
Program using MAKE-APT that is equivalent to the MDP and single policy.

COROLLARY 6.6. An interpretation I satisfies MDP L with policy w, iff it sat-
isfies APT-Program K generated from MAKE-APT.

It is interesting to note, however, that although we can create an APT-Logic
Program that is entailed by a given MDP and set of policies, we cannot always create
an APT-Logic Program that entails an MDP and a set of policies. The intuition is
that, in certain circumstances we are guaranteed that an APT-Logic Program has
an infinite number of satisfying interpretations. If an MDP and set of policies are
created such that these circumstances hold, then creating an APT-Program that
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entails the given MDP and set of policies is impossible. Hence, we first make the
claim of the special circumstance that guarantees an infinite number of satisfying
interpretations. The claim is that for APT-Program K, if there exists satisfying
tp-interpretations for K, Iy, I, such that for threads Thy, Tho, I1(Thy) = 1 and
Io(Thg) = 1, then there is an infinite number of satisfying interpretations for K.
We describe why this is true in the following paragraph.

Let ¢ € (0,1) and b € (¢, 1). Let I5 represent an infinite number of interpretations
such that I3(Thy) = b and I3(Ths) = (1 —b). K is then satisfied by an infinite
number of interpretations if all possible I3 interpretations satisfy K. Suppose by
way of contradiction that some I3 does not satisfy . We have two cases:

Case 1: There exists an unconstrained rule, r such that I & r.
Letr =F -4 G- [At, ¢, u]. Let a; = fr(Thy, F, G, At) and ag = fr(The, F, G, At).
Let a; < as. By the definition of satisfaction, we know that [a1,as] C [¢,u]. By
the definition of satisfaction, we know that ), . Is(Th)fr(Th, F,G, At) < £
or Y et I3(Th)fr(Th, F, G, At) > u as I3 = r. Therefore, b-a;4(1—-b)-az < £
orb-a;+ (1 —1>) ay > u. However, clearly, b-ay + (1 —10) - as C (a1, as2) which

implies b-a; + (1 — b) - az C [¢,u]. Hence, we have a contradiction.

Case 2: There exists a constrained rule, r such that I3 = r.

Let r; = F & G : [At, 0, u, o, 5]. We have three cases:

Case 2.1: Thy, The € ATS;
Then, ¢ < 1 < u and the probabilities of both threads summed together
must fall in this probability bounds. As Is(Thq) + Is(The) = 1, I3 then
must satisfy r;, so we have a contradiction.

Case 2.2: Either Thy € ATS; or Thy € ATS;
If ¢ # 1, then there exists ¢ € (0,1) such that there is an infinite number of
interpretations as per the definition of I3 such that I3 = r;. If £ =1, then
either I; or I does not satisfy r;. Hence, we have a contradiction.

Case 2.3: Thy, The ¢ ATS;
In this case, any interpretation that assigns probabilities only to Th; and
Thy satisfies r;. Therefore, I3 must satisfy r;.

Now we consider a very simple MDP with only two policies. We see that this MDP
causes the above mentioned circumstances to occur. Hence, we cannot construct
an APT-Program that entails the MDP and set of policies.

Let L be an MDP, the set of atoms, Bz, be {a}, S = {s1,82} be such that
Ibl(s1) = {a} and Ibl(s2) = 0, Act = {z,y}, P(s1,z,s1) =1 and P(s1,x,s2) = 0,
P(s1,y,81) =0, and P(s1,y, s2) = 1. We define the set of policies, POL = {7, 72}
such that 71(s1) = « and m2(s1) = y. Let t,0e = 2. We claim that it is impossible
to construct an APT-Program that entails (L, POL).

So, we can see why there does not exist an APT-Program that entails the MDP
described above. Assume by way of contradiction that we can create an APT-Logic
Program K such that all interpretations that satisfy (L, ;) or (L, ms) satisfy K.
As each MDP-policy tuple is satisfied by exactly one interpretation, we have the
following threads and interpretations based on the set of worlds W = {wy, w2}
where wy = [bl(s1) and wq = Ibl(s3).
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e Thread Thy = (w1, ws). Let I; be an interpretation such that I;(Thy) = 1 and
sets the probability of all other threads to zero.

e Thread Thye = (wy,w1). Let Iy be an interpretation such that Io(Ths) = 1 and
sets the probability of all other threads to zero.

Hence, APT-Logic Program KC must be satisfied by exactly I; and I>. However, by
the claim above, any program satisfied by these two interpretations is also satisfied
by an infinite number of interpretations, so we have a contradiction.

So, based on the earlier definition of equivalence, while we can construct an
equivalent APT-Program for an MDP and a single policy, we cannot do so for
an MDP and set of policies. However, is the opposite true? It is: it would be
trivial to construct an MDP that entails an APT-Program, since the null MDP
can accomplish this. This highlights a difference between MDPs and APT-Logic
Programs: we cannot have rules that say this relationship holds with probability p,
or probability po. However, we can express ranges of probabilities.

While we cannot create an APT-Program that entails a given MDP and set of
policies, APT-Programs can be satisfied by tp-interpretations that cannot satisfy
any MDP. In other words, there are APT-programs and tp-interpretations that
satisfy those APT-programs where there is no MDP that is satisfied by that tp-
interpretation. Consider the set of ground atoms B, = {a} and t,,,, = 4 and the
below APT-Logic Program, K:

ea:[1,1,1]
pfr pfr
e a~» —a:[1,0.5,0.5 (or a<— —a:[1,0.5,0.5,1,1])

We included an alternate second rule to illustrate that this type of expressiveness
result is true about both constrained and unconstrained programs. Consider worlds
wy = {a} and we = 0. Let I be an interpretation that assigns probabilities to the
threads below:

o Thy = (wy,wa, wy,ws, ), I(Thy) = 0.5
[ ] Thg = (wl,wl,wl,w1,>, I(Thg) = 05

It is trivial to show that I |= L. We claim that it is impossible to build an MDP L
with set of policies POL such that tp-interpretation I |= (L, POL).

Let S = {s1, s2} such that bl(s1) = w; and Ibl(s2) = wy. Suppose by way of
contradiction that I = (L, POL). Therefore, there exists a policy, 7 € POL such
that I satisfies (L, 7). Hence, the following must be true:

[ ] P(Sl,’/T(Sl),SQ) . P(8277T(82)781) . (81,’/T(81),82) = Il(thl) = 05
° P(sl,ﬂ'(sl),sl) . P(81,7T(81>781) . (81,71'(81),81) = Il(thg) =05

Refer to the left side of Figure 9 for a graphical representation of what follows. Let
P(s1,7(s1),s2) = p. Then, by the definition of an MDP, P(s1,7(s1),s1) = 1—p. By
the above equalities, 1—p > 0. Let P(sq,7(s2),51) = r. Therefore, p?-r = 0.5. Now
consider the sequence seq = s; — so — s1 — s1. The probability of this sequence
must be set to zero, by the definition of I. Then, P(seq) = p-r-(1 —p) = 0.
However, we know that p - r cannot be zero and we know that 1 — p > 0. Hence,
we have a contradiction.
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Fig. 9. Left: Unrolled MDP in an attempt to create an MDP that satisfies interpretation I in the
text. Notice how the sequence ({a}, {},{a}, {a}) must be assigned a non-zero probability. Right:
A standard representation of the MDP on the left. Notice that the MDP must allow for non-zero
probability of threads that are given a zero probability in interpretation I.

The above discussion illustrates the differences between MDPs and APT-Logic.
One could argue that the use of policies is overly restrictive for an MDP, i.e., that
perhaps the action should be decided based on time, or a combination of time and
the current state. However, we can easily modify the above claim based on time or
actions based on time and current state and obtain the same result. We suspect that
it is not possible to have an MDP that replicates an APT-Logic Program without
breaking the Markov Property, or causing a massive increase in the number of
states, which also would change the assumption about the relationship between
worlds and states.

6.2 Comparison with Probabilistic Computation Tree Logic (PCTL)

In this section, we show that APT-Logic rules differ significantly in meaning from
similar structures presented in PCTL [Aziz et al. 1995; Hansson and Jonsson 1994b],
a well-known probabilistic temporal logic.

A derived operator in LTL with an intuition similar to that of our APT-Rules
was introduced by Susan Owicki and Leslie Lamport in [Owicki and Lamport 1982].
The operator, known as leads-to and an equivalent LTL formula are shown below
(p and ¢ are state formulas).

(r ~q) =G(p=F(q)

This formula intuitively says that if p is true in a state, then ¢ must be true
in the same (or future) state. As Owicki and Lamport’s operator is based on
LTL, it does not describe the correlation between p and ¢ with probabilities or
with reference to a specific time interval; ¢ merely must happen sometime after (or
with) p. A probabilistic version of CTL, known as PCTL [Aziz et al. 1995; Hansson
and Jonsson 1994b] introduces another operator based on a similar intuition; the
authors refer to this operator as “leads-to” as well. This derived operator, and the
equivalent PCTL formula, are shown below (f1 and f; are state formulas).

fing = [6[(h = F5p)]|

Intuitively, this operator reads as “f; follows f; within ¢ periods of time with a
probability of p or greater”. As PCTL formulas are satisfied by a Markov Process
(an MDP with a single policy), satisfaction is determined by the transition proba-
bilities. So, to determine if a Markov Process satisfies the above leads-to formula,
we must compute the minimum probability of all sequences that start in a state

>1
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satisfying f; and satisfy fy in ¢ units of time or less. Note that this is determined
by the transition probabilities of the Markov Process; hence, whether a Markov
Process satisfies the lead-to operator depends on the interval between f; and fs,
but not on the total length of the sequence of states. So, if we limit the number
of states being considered, using an operator such as Géi’"’” which PCTL provides
to limit consideration to only the first ¢,,4, states, the Markov Process will satisfy
the formula regardless of the value of ¢,,,,. Note that Ggi’m placed at the head of
the PCTL has no effect on the satisfaction of the formula as there is already a G
path-quantifier included at the beginning of the leads-to operator.

As previously described, the frequency function is often highly sensitive to ¢, -
Our two primary examples of frequency functions, pfr and efr, are based on ratios
of numbers of worlds in a given thread. For example, if we create a thread Th on a
single atom a, we can see that for thread ({a}, {a}, {}), the value of pfr(Th,a,a,1)
is much greater than if Th were ({a}, {a},{},{a}, {a},{a},{a}). The fact that the
length of the thread has an effect on the frequency function further illustrates how
APT-Logic allows for reasoning beyond the restrictions of the Markov Property.
The limited thread length forces us to consider worlds before and after a time-
point we wish to reason about. If our probabilities were fixed, based on transition
probabilities, they would not, and we would conform to the Markov Property.

Even though there are syntactic similarities, in the Appendix we provide a short
example illustrating semantic differences between APT-rules and PCTL.

7. CONCLUSION

Statements of the form “Formula G is/was/will be true with a probability in the
range [¢, u] in/within At units of time after formula F' became true” are common. In
this paper, we have provided examples from four domains (stock markets, counter-
terrorism, reasoning about trains, and power grids), but many more examples exist.
They could be used, for instance, to describe when the health or environmental
effects of industrial pollution may arise after a polluting event occurred, to the
time taken for a medication to produce (with some probability) some effects. In
the same way, they can be used in domains as widely divergent as industrial control
systems to effects of educational investment on improved grades or graduation rates.

In this paper, we have provided the concept of Annotated Probabilistic Temporal
(APT) logic programs within which such statements can be expressed. APT-logic
programs consist of two kinds of rules: unconstrained and constrained rules with an
expected value style semantics and a more ordinary semantics. Both types of rules
are parameterized by the novel concept of a frequency function. Frequency functions
capture the probability that G follows F' in exactly (or within) T time units within
a thread (temporal interpretation). We show that this notion of “follows” can
intuitively mean many different things, each leading to a different meaning. We
propose an aziomatic definition of frequency functions which is rich enough to
capture these differing intuitions and then provide a formal semantics for APT-
logic programs.

We then study the problems of consistency and entailment for APT-logic pro-
grams. We show that the consistency problem is computationally intractable and
is naturally solved via linear programming. We develop three successively more
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sophisticated linear programs for consistency checking and show that they lead to
smaller linear programs (though not always). We also develop a suite of complexity
results characterizing the entailment problem and provide algorithms to solve the
entailment problem.

A natural question that arises in any probabilistic logic framework is “Where
do the probabilities come from?” In order to answer this question, we develop
the (straightforward) APT-Extract algorithm that shows how APT-logic programs
can be derived from certain types of databases. We have applied APT-Extract to
extract APT-rules about 18 terror groups.

Last, but not least, we have developed a detailed comparison between our APT-
framework and two well known frameworks: Markov decision processes [Puterman
1994] and probabilistic computation tree logic [Hansson and Jonsson 1994a]. We
show the former can be captured within APT-logic program framework (but not
vice versa). The latter has a more complex relationship with APT-logic programs,
but cannot express intra-thread properties of the type expressed via APT-logic
programs.

There is much work that remains to be done in order to reduce APT-logic pro-
grams to practice. We are implementing APT-logic programs within our SOMA
Terror Organization Portal [Martinez et al. 2008b] which has registered users from
12 US government organizations. Initially, users will be able to browse the APT-
logic programs associated with a given terror group’s behavior. Consistency checks
are expensive, but need to be performed only once. In contrast, entailment checks
are needed when answering queries against such programs. Scaling the entailment
checks is a major priority that needs to be achieved. We plan to leverage some of
the scaling methods developed for SOMA programs (which are similar to APT-logic
programs, but with no temporal component) [Khuller et al. 2007].

ELECTRONIC APPENDIX

The electronic appendix for this article can be accessed in the ACM Digital Li-
brary by visiting the following URL: http://www.acm.org/pubs/citations/
journals/tocl/2009-V-N/p1-URLend.
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